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PREFACE.

Turs little hook is an edition of Colebrooke’s translation of
the Lildvats, o standard work on Hindu mathematics, written by
Bhdskardchiryya, a celebrated mathematician and astronomer
who lived in the twelfth centary of the Christian era.! The
work forms the first part of a larger work of the author called
the Siddhdnta-siromani. This partis called by the author, Pdsi
ganits or Arithmetic ; but this name has not been properly
given. For, the work, besides dealing with subjects which lie
within the province of Arithmetic, also treats of sahjects which
properly belong to Algebra and Geometry. It comprises the
four simple rules, extraction of the square root and the cube root,
vulgar fractions, Rule of Three, interest, alligation, problems
producing simple and quadratic equations, arithmetieal and geo-
metrical progressions, permutations and combinations, indeter-
minate equations of the first degree, several properties of trign-
gles and quadrilaterals, areas of circles, volumes of spheres,
cones and pyramids, solid content of excavations, and several other
watters, Some of the problems solved evinee a great deal of
progress in algebraicel investigntions, The author does not state
the rensons for the various rules given by him. T have tried to
supply the reasons as simply and shortly as they ocenrred to me;
but still in some cases neater nnd shorter demonstrations may
possibly be given. The explanations given have been printed in
staall type and enclosed within square brackets. 1t is thus hoped
that the present edition will prove useful and interesting not

' This date is ascerhained from the fact that Bhiskara himself informs us
in a passage of his Siddhdnta-siremand, that he was born in the year 1036
of the Suka ers, and that he completed his great work whesn he was 38 years
old. This gives 1160 A.D., as the date of the completion of the Siddhdnta-
siromant, Seethe Folddhydya of the Siddhdnta-sivomani, Witkinson’s trans.
latiow, XIII, 58,
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only to the scholar and the antiquarian, bat also to the student
of modern algebra.

In his foot-notes, Colebrocke has given translations of extracts
from the leading commentaries on the Lilduatl These are :—
(1) The commentary of Gangsdhara, written about 1420 A.D. :
(2) that of Btryadasa, called Ganitdmsita, written in 1538 A.D,,
containing a clear interpretation of the text, with concise axpla-
nations of the rules : (3) that of Ganesa, called Buddhivildsini,
the best of all the commentaries, written in 1545 A.D., compris-
ing a copious exposition of the text, with demonstrations of the
rules: {4) the gloss of Ronganitha on the Vidsand, or Bhaskara’s
demonstratory annotations of the Siddhdnta~siromani, written
towards the beginning of the seventeenth centary A.D.:(5)the
Manovanjana, written by Ram Krishna Deva, of uncertain date :
and (6) the Ganitabaumudi, which has not been recovered, but
is known from the quotations cited from it by Stryadisa and
Ranganitha, Some of the translated exfracts contain exposi-
tious of the rules and of technical terms, and some contain de-
monstrations of the rules in a few cases. Of these demonstra-
tions which are given chiefly by Glanesa and Suryadis, those
which are satisfactory and instructive, have been retained in the
present edition ; whilst others which are obscure and unsatistac-
tory, have been omitted. Kor convenience of reference, the
Lildoat! in Sanskrit is printed st the end, with divisiens into
chapters and sections corresponding to those made in the trans-
lation. Nosuch divisions were made by Bhaskara.

H. ¢ B
Narirrrpavea, Canourea,
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LILAVATI.

CHAPTER L

IxTroDpUCTION

1. Having bowed to the deity, whose head is like an
elephant’s' ; whose feet are adored by gods ; who, when
called to mind, relieves his votaries from embarrassment;
and bestows happiness on his worshippers; I propound
this easy process of computation,’ delightful by its ele-
gance,’ perspicuous with words concise, soft and correct,
and pleasing to the Iearned.

Dermarions oF Troanicar Trrus.

(Mongy by tale.)

2. Twice ten cowry shells* are a kddini; four of
these are a pana ; sixteen of which must be here con-
gidered as a dramma; and in like manner, a nishia,
as consisting of sixteen of these.

! Ganesn, represented with an elephaut’s head and human body,
? Pittganita ; pdtl, paripdti, or vyakiaganite, srithmetie,
* Lildvati, delightful: an allusion o the titlo of the book. See notes
on §§ 18 and 277.
! Cypraa moneta, Sans, Verdicka, kaperd, Hindi, Kawrt,
B, M 1
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( Weights.)

3. A gunja’ (or seed of Abrus) is reckoned equal to
two barley-corns ; & valla, to three gunjas; and eight of
these aré a dharana ; TWO of which make a gadydnaka.
In like manner one dhataka is composed of fourteen

vallas.

4. Half ten gunjas are called a mdsha, by such as
are conversant with the use of the balance ; a karsha
contains sixteen of what are termed mdshas ; 8 pala,
four karshas. A karsha of gold is named suvarna.

(Measures.)

5-—6. Tight breadths of 2 barley-corn® are here a
finger; four times six fingers, a cubit’; four cubits, a
staff*; and a krosa contains two thousand of these; and
s yojana, four krosas.

So a hambu pole consists of ten cubits; and a field
{or plane figure) bounded by four sides, measuring
twenty bambu poles, is & nivartana.’

7. A cube, which in length, breadth and thickness
measures a cubit, is termed a solid cubit: and, in the
meting of corn and the like, & measure, which contains

| A soed of Abrus precatorius, Black or red ; the one oalled Erishnala, the
other raktidd, ratti, or rattikd.

* Bight barley-vorns {yata) by breadth, ox three graine of rice by length
are equal to one finger (angela). —~Gan,

* Aopording to Ganess, the cubit (hasta) meons the practicsl eubit smploy-
ed by srtisans snd called gof. 1t is lomger than the ordinary ombit of 18
inches,

+ Danda,  staff : directed to be cut nearly of man’s height., (Manz,IL 46.)

* A superficial measure containing 400 sqnare poles,—Bir.

& Prwddasdsre, lit, dodecagon, bub mesning s parallelopiped; the term 4873,
ﬁex or angle, being bere applied to the edge or line of incidence of twa
planes,
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a solid cubit, is a khdri of Magadhe' as it is denomi-
pated in science.

8. A drona is the sixteenth part of a khdrf; an
ddhaka is a quarter of a drona; a prasthe iz a fourth
part of an ddhaka; and a kudaba is by the ancients
termed a quarter of a prastha.

The rest of the axioms, relative fo time® and so forth,
are familiarly knowa.

! The country sitvated on the Sonebhadrd river.—Gan, It is South Bebar.

? Another stanza oconrs here in one copy of the fext. It is explained in
the Manoranjana, and by Gangidbara, but not by Ganesa and Sdryadiss.
1tis thereforeto be rejected as spurions and interpolated. It iens follows :—
The serais here reckonad ab fwice seven tarkss, each equal fo three-fourthe
of 8 gadydnaka : and a menag, ab forsy seras.  The nameis in use among the
Turnshlass, fox & weight of sorn and like articles,” See notes on §§ 97
und 233,

* The anthor has himsalf explained the mensures of timae in his SiddAdnia-
sirumani, [See the Geiddhydya, Wilkinson's transation, IV, §-—12,—Ed.]
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SgcTION L
Ixvocarion.!

9. Salutation to Ganesa, resplendent as a blue and
spotless lotus; and delighting in the tremalous motion
of the dark serpent, which is perpetually twining within

his throat.
NUMERATION.

10—11. Names of the places of figures have been
assigned for practical use by ancient writers,’ increasing
regularly® in decuple proportion: namely, unit, ten,
hundred, thousand, myriad, hundred thousands, million,
ten millions, hundred millions, thousand millions, ten
thousand millions, hundred thousand millions, billion,

b A ressos of this spoond introductory stansa is, that the foregeing defi-
pitions of terma are not properly a pard of the treatise iteelf; none such
havisg been premised by Nrys Bhatfa and other ancient authors in their
{restises on arithmetic.~Gan. and Manc.

* According to the Hindus, numeration it of divine origin; the investion
of nine Sgures (anka), with the device of places to make thers suffice for
oll numbers, baing ascribed o the beneficent Creator of the Universe, in
Bhiskara's Visnd and its gloss ; and o Krishoa's Commentary oo the Vija-
ganite, Here nine fignres arespecified ; the place, when none belongs to it,
being shown by a blank {sinya}, which, o chyiate mistake, is denoted by a
dot or small circla,

* From the right, where the first and lowest number is placed, towards
the left hand, —Gan,
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ten billions, hundred billions, thousand billions, ten
thousand billions, hundred thousand billions.!

‘ SEcTION I
Eicrr OreRATIONS' OF ARITHMETIC.

12. Rule of addition and subtraction®: half a stanza.

The sum of the figures according to their places is
to be taken in the direct or inverse order*: or (in the
case of subtraction) their difference.

{The rule as exemplified in the Manoranjana is more cam-
brous than the ordinary rule.]

13. Example. Dear intelligent Lildvati,’ if thou be
skilled in addition and subtraction, tell me the sum of
two, five, thirty-two, a hundred and ninety-three,
eighteen, ten, and a hundred, added together ; and the
remainder, when their sum is subtracted from ten
thousand.

} Bana, ¢ka, dasa, sata, sahasra, syuta, laksha, prayute, koti, srbuda, alja
or padma, kharea, mikharea, mahdpadma, sanke, jaladhi or samudra, andys,
madhys, pardréha.

A pessage of the Veda, which is cited by Bidryaddea, contains the places
of figures:;—" Be these the milch kine bhefore me, one, ten, a hundred, s
thoasand, ten thonsand, s hundred thousand, a million, . , .. ., . Be these
mileh kine my guides in this world.”

* Parikarmdsitaka, eight operations, or modes of process; logistica ar
algorism,

1 Sunkalana, samkalita, misrana, yuwts, yoga, Fo., summation, addition,
Vyavakalans, vysvalalits, sodhana, patana, fe., rubbraction, 4datara,
differonce, remainder.

4 From the firet o5 the right, towarda the lefh; or from ihe lasc on the
leet, sownrds the right,—Gang.

3 Seemingly the name of & femals fo whom inatraction iy addressed. But
the term is inberpreted in some of che commeutaries, consiatently with ita
etymology, ‘ charming,'—See §§ 1 and 277,
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Statement : 2, 5, 32, 193, 18, 10, 180.

Result of the addition’ : 360.

Staternent for subtraction : 10000, 3690.

Result of the subtraction : 9640.

1415, Rule of multiplieation’ : two and a half
stanzas.

Maultiply the last’ figure of the multiplicand by the
multiplieator, and next the penult, and then the rest, by
the same repeated. Or let the multiplicand be repeated
under the several parts of the multiplicator, and be
multiplied by those parts : and the products be added
together. Or the multiplier being divided by any num-
ber which is an aliquot part of it, let the maultiplicand
be multiplied by that namber, and then by the quotient,
the result is the product. These are two methods of
gubdivision by form. Or multiply separately by the
places of fignres, and add the produets together. Or
multiply by the multiplicator diminished or increased
by & quantity arbitrarily assumed ; adding or subtract-
ing the product of the multiplicand taken into the
aseumed quantity.

[The anthor gives here six methods. The first method is the
ordinary one, and includes the tatstha of the older authors, which
is worked by repeating or moving the maltipler over or under
every digit of the multiplicand, and which, according to Ganesa’s

1 Mode of working addition as shown in the Manoranjanas ;

Sum of the uniis, 2,6.2,58.00, 20
Sum of the tens, 3.9,1.1,0, 14
Sum of the hundrads, 1,001, " . 2
Bum of the sums e . .. 380

1 Gunana, sbhydss : slso hanane wnd any term implying & tendency fo
destroy. I is denominated pratyutpania by Brabmagupta and by Sridhara.
Gunya, raultiplicand. Gunaka, multiplicator. @hdts, product,

w3 The digit standing last towards the left.
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explanation, proceeds obliquely, joining products along compart-
ments. The seeond is tedious, following from the formula,
a{b + ¢} =ab + ac. Thethird is multiplication by factors. The
fourth is practically the same as the first, and the fifth, the same
as the second. The sixth follows from the formala, a (b ~ ¢)=
ab ~ ac.]

16, Example. Besutiful and dear Lilavati, whose
eyes are like a fawn's! tell me the numbers resulting
from one hundred and thirty-five, taken into twelve, if
thou be skilled in multiplication by whole or by parts,
whether by subdivision of form or separation of digits.!
Tell me, auspicious woman, the quotient of the product
divided by the same multiplier.

Statement : Multiplicand 135, Multiplicator 12.

Product (multiplying the digits of the multiplicand
successively by the multiplicator) 1620.

Or, subdividing the multiplicator into parts, as 8 and
4 ; and severally multiplying the multiplicand by them;
adding the products together, the result is the same,
1620,

t The adjoined sochema of the process of wmaulbiplication is exhibited in
Gasesa's COmmentary.

1 3 5
3 i 3 5
1
2
' 2 8 L)
1 & 2 ¢

According to the fafstha tethod, the provess will stand thua:—

12 12 2 o 136 185

1 3 3 1 2

12 86 290
36 138

1820

1620



( 8)

Or, the multiplicator 12 being divided by 8, the
quotient is 4 ; by which, and by 8, successively multi-
plying the multiplicand, the last product is the same,
1620.

Or, taking the digits as parts, viz.,, 1 and 2 ; the mul-
tiplicand being multiplied by them severally, and the
products added together, according to the places of
figures, the result is the same, 1620.

Or, the multiplicand being multiplied by the multi-
plicator less 2, viz., 10, and added to twice the multipli-
cand, the result is the same, 1620.

Or, the multiplicand being multiplied by the multipli-
cator increased by 8, viz., 20, and eight times the multi-
plicand being subtracted, the result is the same, 1620,

17. TRule of division': one stanza. That num-
ber, by which the divisor being multiplied balances
the last digit of the dividend (and so on’), is the
quotient in division: or, if practicable, first abridge’
both the divisor and the dividend by an equal number,
and proceed to division.

Example. Statement of the number produced by
multiplication in the foregoing example, and of its
multiplicator, for a dividend, 1620, and a divisor, 12.

Quotient 135 ; the same with the original multi-
plicand.*

' Bhiga-hdra, bhdjana, harvanc, chhedana, division., Bhéjya, dividend,
Bhdjaka, hara, &ivisor. Labdhi, qootient.

7 Repeating the divisor for every digit, like the multiplier in mul-
tiplication.—Gang.

3 Apavartya, sbridging Bee note on § 249,

¢ The process of long division is exhibited in the Manoranjona, thas:
The highest places of the proposed dividend, 16, being divided by 12. the
guotient is 1 ; and 4 over, Then 42 becomes the highest rexmaining number,
which divided by 12 gives the quotient 3, to be placed in a line with the
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Or both the dividend and the divisor, being reduced
to least terms by the common measure 3, are 540
and 4; or by the common measure 4, they beeome
405 and 3. Dividing by the respective reduced
divisors, the quotient is the same, 135,

[The first part of the rule is vague and incomplete, although
it is practically the same as the ordinary rule, as will be evident
from the foot-noie 4, p. 8. The second part follows from the
identity ab + as=b + o]

18-—~19. Rule for the square' of a quantity : two
stanzas.

The multiplication of two like numbers together is
the square. The square of the last® digit ia to be placed
over it; and the rest of the digits, doubled and multi-
plied by that last, to be placed above them respectively;
then repeating the number, except the last digit, again
(perform the like operation). Or twice the product of
two parts, added to the sum of the squares of the parts,
is the square (of the whole number.)® Orthe product
of the sum and difference of the number and an as-
sumed quantity, added to the square of the assumed
guantity, is the square.

preceding quotient 1: thus 13, Remainder 60, whick divided by 12 gives
5: and this being carried to the same line as before, theentire guotient is
-gxhibited : viz, 138,

! Varga, &rili, & squnre namber.

* The process may begin with the fet digit, as intimuted by the anthor
in § 24.

* The proposed guantity may be divided into three parts, instesd of two;
snd the produets of the first and second, first and third, and second and
third, being added together and doubled, and added to the sum of the
squares of the parts, the total is the equare sought.—Gan.

$ Another method is hinted in the author’s note on this passage; consiste
ing in adding together the product of the proposed quantity by any assnmed
ona, and #s product by the proposed less the sssumed one,—Rang. [This
follows from the identity, ab -+ 2 (& ~ 3) = ¢*~HRd.] z
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[« The square of the last digit, &.” The translation here is
slightly incorrect. It should run thus :—*The square ,of the
Tast digit, and the rest of the digits doubled and multiplied by
thet last, are fo be placed one above the other (regard being
ad to the local velues)s then Tepeating, &e” It will then.
appear that the @rst two methods are really the same, and are
based on the formula, (atbof=d+28 (b+1¢) + 12+ 2be+ &
The working of the first method is this : —Suppose we have to

find the square of 297.

Then 72 = 49 o, 22 = 4
Tx2x29 = 406 Px2x 87T = 383
92 = 8l 9% = 81
9x2x% = 86 Gx2xT = 126
28 = 4 Vi = 49
(297)2 = 88209 ; (297)9 = 88209

The ciphers are omitted for simplicity. The third method
follows from the identity, (a + ) {a — b) + I* = &* a being the
proposed, and b, the nssumed quantity.]

90. Example. Tell me, dear woman, the squares
of pine, of fourteen, of three hundred less three, and
of ten thousand and five, if thou know the method of
computing the square.

Statement : 9, 14, 297, 10005.

Proceeding as directed, the squares are found : 81,
196, 88209, 100100025. Or, put 4 and 3, parts of &
Their product doubled 40, added to the sum of their
squares 41, makes 81. So, taking 10 and 4, parts of
14, their product 40, being doubled, is 80 ; which, added
to 116, the sum of the squares 100 and 16, makes the
entire square, 196.

Or, putting 6 and 8, their product 48, doubled, is
96 ; which, added to the sum of the squares 56 and 64,
viz., 100, makes the same 196.
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Again, 297, diminished by 3, iz 294 ; and, in another
place, increased by the same, is 300. The product of
these is 88200 ; to which adding the square of 3, vis.,
9, the sum is as before the square, 88209.

21. Rule for the square root* : one stanza.

Having deducted from the last of the 0dd digits® the
square number, double its root; and by that divi-
ding the subsequent even digit, and subtracting the
square of the quotient from the next uneven place,
note in & line (with the preceding double number) the
double of the quotient. Divide by the (number as
noted in a) line the next even place, and deduct the
square of the quotient from the following uneven one,
and note the double of the quotient in the line, Repeat
the process (until the digits be exhausted). Half the
(number noted in the) line is the root.

[The rule is practically the same as the ordinary one for the
extraction of the square root. Only it is a little more cumbrous,

as will appear from the two processes placed side by side :—.
i ..t i

88209 (4 .o
4 18 f 8206{3297
YED) ‘
4x9=86 5?; 49 483
122 441
9w §1 594 “iige
109 Bof 594 5871 1109
. =207, S
7x58= 4029 the root reguired.
T= 49

! Varga mils, voot of the square; mile, pada, are synonyms of root.
? Bvery uneven place is to be marked by a vertloal line, and the inter-
mediate even digita by a horizontal line. But, if the last place be even, it

bt

is joined with the contigmons odd digit. Bxample, ;5250



( 12 )

Thus we see that instead of directing the subﬁragtion of 9x 49
at once from 482, the rule directs first the subtraction of 9x 40,
and then from the remainder the subtraction of § X 9 or 9%,  And
similarly for the next step. The process shown on the lefi-hand

side is the same as that explained in the Manoranjana.]

22. Example. Tell me, dear woman, the root of
four, and of nine, and those of the squares before found,
if thy knowledge extend to this calculation.

Statement : 4, 9, 81, 196, 88209, 100100025. The
roots ave 2, 3, 9, 14, 297, 10005.

9395 Rule for the cube': three stanzas,

The continued multiplication of three like quantities
isa cube. The cube of the last (digit) is to be set
down; and pext the square of the last multiplied by
three times the first; and then the square of the first
taken into the lust and tripled ; and lastly, the cube of
the first: all these, added together according to their
places, make the cube. The proposed quantity (consist-
ing of more than two digits) is distributed into two
portions, one of which is then taken for the last (and
the other for the first); and in like manner repeated-
ly (if there be occasion.)® Or the same process may
be begun frow the first place of figures, either for find-
ing the cube or the square, Or three times the pro-
posed number, multiplied by its two parts, added to the
sum of the cubes of those parts, give the cube. Or the

! Ghanra,n cobe ; ik, solid.

?The subdivision is coniinned undil it comes to single digits. Ganeas
confines it to the pluces of figures (sthdne-vibhdga), not allowing the portion.
ing of the number (répu-vibhigs); bevause the addition is to be made

* according to the places,
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square root of the proposed number being cubed, that
multiplied by itself, is the cube of the proposed square.!

[The different methods follow from the following formul :—

{a+D)P==a® 4 5q% + Bab® + 15,
(a+8)% = a®-+0%-+ Bab(a+5).
{tvap V=@

26. Exarple. Tell me, dear woman, the cube of
nine, the cube of the cube of three, and the cube of
the cube of five, and the cube roots of these cubes, if
thy knowledge be great in the computation of cubes,

Statement : 9, 27, 125,

The cubes in the same order are, 729, 19683,
1953125.2

The proposed number being 9, and its parts 4 and 5,
9 multiplied by them and by 38 is 540 ; which, added
to the sum of the cubes 64 and 125, viz., 189, makes

!'This carries an sllnsion to the raising of guantities to higher powem
than the cube. Ganess specifies some of them. Thus the fourth power
of a number is called varga-vargs ; the sixth power, verga-ghana or ghana-
zarga; theeighth power, rarga-varga-varga ; the ninth power, ghana-ghanat
the ffth power, varga-ghana-ghdia ; and the seventh power, varge-varga-
ghana-ghdta.

* The foliowing process of finding the cube of 125 is given in the Mano-
ranjane. The proposed number 125 is dlstributed into two parts 12 and § ;
and the first of these again into two parts 1 and 2:

Then, 1 cubed is e 1
I, square of I, tripied s.nd multlphed by 2,is ... 6
4, sgnare of 2, tripled and mulmphed by L,is ... 12
2 cubed s e e 8
i728
Now, 12 ovhed a4 aboveis ... . 1728
144, squaraof 12, tripled andmumplsad bys,is... 2180
25, sguare of §, tripled and mulbiplied by 12, is ... 400
& cubed is .., e e - 125

Thus, 125 cubedis ... o o 1053125
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the cube of 9, viz., 729. The entire number being 27,
its parts are 20 and 7 ; by which the number being
successively multiplied, and then tripled, is 11340 ; and
this added to the sum of the cabes of the parts, 8343,
makes the cube 19683,

The proposed number being a square as 4, its root
9 cubed is 8. This taken into itself gives 64, the cube
of 4. So 9 being proposed, its square root 3, cubed, is
97 ; the squave of which, 729, is the cube of 9. In
short, the square of the cube is the same as the cube
of the square.

[“In short, the syuare, &.” The translation should be, “in
ghort, the cube of a square number is the same as the square

of the cube of the square root of the number.” This follows
from the third formula given in the preceding article.]

97.-28. Rule for the cube root*: two stanzas.

The first (digit) is a cube’s place ; and the two next,
uncubic ; and again, the rest in like manner. From
the last cubic place take the (nearest) cube, and set
down its root apart. By thrice the square of that
root divide the next {or uncubic) place of figures, and
note the quotient in a lne (with the quantity before
found). Deduct its square taken into thrice the last
(term), from the next (digit); and its cube from the
succeeding one. Thus the line (in which the result is
reserved) is the root of the cube. The operation is
repeated (as necessary).

Example. Statement of the foregoing cubes for
extraction of the root: 729, 19683, 1953125,
The cube roots respectively are 9, 27, 125.

! Ghanaanile, root of the cube.
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[The rule is more combrous than the ordinary one, as will
appear bejow :—

Lo b el 1953125 /195
1953125§ 1 1 (
PPl 2 8 % 10% = 300[053
958125 12 3x10%2=60
LRV P 5 e 4
3x2=6 125 “364l728
353125 295135
X 2Px1=12 8 % 190%= 43200
335128 3x120x 5= 1800
25 = 8 52 = 25
933125 150951295125
8% 192 =432
5x432= 2160
4125
5 x12x8=900
125
B 125

[The process shown on the left-hand side is the same as that
explained in the Muneranjuna. The ciphers are omitted for
simplicity.]

SkerioN 11
FracTioxs?

Four Rures FOR THE ASSIMILATION OR REDUCTION
or Fracrions 1o & Common Dexommvaror.!

29. Rale for the simple reduction of fractions®: one

' Bhinna, a frootion; lit, s divided quantity, or one obisined by division,
«Gan,  An facomplete quantity or non-inieger (apirna)—Gang.

* Bhdga-jdti-chatushtaya, jdtiohatushtaya, or four modes of assimilation
or procssa for reducing to o commor denominator, fractions baving dis.
similar denominators, preliminary to addition snd subtraction of fractions.

* Bhdga-jati or ansa-savarnans, sesimilation of fractions, reducing them
to uniformity.
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stanza. 'The numerator and denominator’ being mul.
tiplied reciprocally by the denominators of the two
quantities,’ they are thus reduced to the saine denomi.

nator. Or both numerator and denominator may be
multiplied by the intelligent calculator into the recipro-
cal denominators abridged by a common measure.

[This is the ordinary rule for redueing fractions fo their least
common denominator. The first part of the rule is meant for
fractions whose denominators are prime to each other.}

30. Example. Tell me the fractions reduced to a
common denowminator which answer to three and a
fifih, and one-third, proposed for addition ; and those
which correspond to & sixty-third and a fourteenth
offered for subtraction.

Statement®: #, §, -

Reduced to a common denominator, 48, +%, .
Sum §8.

Statement of the second eXample : 5, .

The denominators being abridged, or reduced to
least terms, by the common measure 7, the fractions
become §, 3. Numerator and denominator, waultiplied
by the abridged denominators, give respectively y45
and 13z Subtraction being made, the difference is
135 This abridged by 7 is 4.

' Bhiga, ansa, vibkdga, lave, fo., the numerstor of o fraction, Hara, hdra,
chheda, §o., the denominator of & fraction, Tha$ which is to be divided is
the part (ense); and that by which it is to be divided is hara, the divigor.—
Gon. ond Sdr.

3 Rdsi, a quantity, § 86,

* Among astronomers sod other arithmeticinns, oral instruction has taught
tio place the numerator above and the denominator bencath.—Gan.

No line is interposed in the original ; bus it has beea introduced in the
translstion to conform to the modern prostice. Bhfskara subseguently

-directs (§ 36) an integer to be written as & fraction by placing wader it unity
for its denominabor. The same is Gone by him in this place in the texe.
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31, Rule for the reduction of subdivided fractions':
half a stanza.

The numerators being multiplied by the numerators,
and the denominators by the denominators, the result
is a reduction to homogeneous form in subdivision of
fractions.

[This is the ordinary rule for reducing a compound fraction
to a simple fraction.]

32. Example. The quarter of a sixteenth of the
fifth of three-quarters of two-thirds of a molety of
a dramma was given to a beggar by a person, from
whom he asked alms : tell me how many cowry shells
the miser gave, if thou be conversant, in arithmetic,
with the reduction termed subdivision of fractions.

Statement: ¢ 4 3 4 & L

Reduced to homogeneousness, wo&, or in least terms,
T750-

Answer: A single cowry shell was given.?

83. Rule for the reduction of quantities incressed
or decreased by a fraction :* a stanza and a half,

! Prabhdga-jdti, assimilation of sub.fractions, or making uniform the
fraction of a fraction.—Qan.

Probhiga, n divided fraction or fraction of & fraction : as a part of a
molety, and so forth.—~Gang,

% For a cowry shell i3 in the tale of money the 1280th part of & dramma, § 2.

¥ Bhigdnubandhajdté, assimilation of fractional increase, reduection te
uniformity of sn increase by & fraction, or the sddition of a part; from
anubandha, junction,—Gan, Bhdgdpavdhejddi, assimilation of fractiomal
decresse ; from apardha, deduction.—Gan,

‘These, as remarked by Gensesa, are merely partionlar cases of addition and
subtraction, The fractions may he parts of an intoger, or parts of the pro-
posed quantity iteelf. Hanoe we got two sorts of each, named by Gangidhars
and Sdryadisa, ripa-bhdgdnubandha, sddition of the fraciion of o nait; ripa.
bhdgdpaviha, subtraction of the fraction of a unib; rdei-bldgdnubandha,
addition of a fraction of the quantity; sdsi.bhdgdpardhe, subtraction of a
fractior of the gquantity, 3

B, M
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The integer being multiplied by the denominator, the
numerstor is made positive or negative,’ provided parts
of a unit be added or be subtractive. But if indeed
the quantity be increased or diminished by a part of it-
self, then, in the addition and subtraction of fractions,
multiply the denominator by the denominator standing
underneath?, and the numerator by the same augment-
ed or lessened by its own numerator,

[The first part of the rule follows from the identity, aig

uac;-tb’ and the second parh, from the identities, %:h%x%

ad4ac a(d=c)
=8~ bd -
Henee, if we write 5 underneath %, we get the second part of

the rale.
The process may be repeated, if necessary.

a ¢ a efa c_a\ ald+o)(f+e)
Th“"*z*"a"z*;v(%*z"*)“*—“wf '

An application of this last formula occurs in the examples
given in § 85.]
" 84, Example. Say how much two and a quarter,
and three less a quarter, ave, when reduced to uni-
formity, if thou be acquainted with fractional increase
or decrease.
Statement: 2 3

Reduced to homogeneousness, they become $ and 421,
( Blri the original a dot (-) is used instead of the sign minus

¥ Dhanea, positive ; rina, negative.

* Indisn arithmeticians write fractions under the quantities to which they
sre aiditive, or from which they are subtractive. Accordingly, the numera.
tors and denominators are pas in their order, one under the other,
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35. Example. How much is a gquarter added to its
third part, with a half of the sum, and how much are
two-thirds lessened by one - eighth of them, and then
diminished by three-sevenths of the residue ? Tell me
likewise, how much half less its eighth part, added to
nine-sevenths of the residue is, if thou be skilled, dear
‘woman, in fractional increase and decrease.

Statement: 4, £, 1
Loh o4
H o 7

Reduced to uniformity, the results are &, §, }.

{In the above examples we may apply the last formula given
in §33. Thus in the first example, we have a=1, b==4, r=1,
d=8,¢=1, f=2, and all the signs are plus. Hence the result

s 1 x (3:;12? :2(2+1) =34i=4%; and similarly for the other

two. The sume process is exhibited in the Munoranjana.)
Tag Eigur Rures oF ARITEMETIC APPLIED
10 Fracriowns.!

86. Rule for addition and subtraction of fractions®:
balf a stanza. The sum or (in the case of subtraction)
the difference of fractions having a common denomi-
nator, iz (taken). Unity® is put denominator of a

quantity * which has no divisor.’
[Tais rule and the others which follow are all ordinary rules.]

V Bhimnaparibermishtaka, the eight modes of process, as npplicuble to
fraotions: the preceding Section relating to those arithmelical processes ns
applicabls fo inbegers (abhinnu-paritarmdshiokn.)

1 Bhinna-sankalite, sddition of fractions; blhinna-ryavalalifs, subbrac.
tion of fructions.

2 Rejpa, the species or form; anything having bounds.—Qang. In the
singular, the srithmetionl unit; in the plural. any integer.

Y Risi, a congeries; & heap of things, of which unity is the scale of
nnmeration ; n guantity or number.

5 That fs, it s pub denominator of an integer.
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37. Example. Tell me, dear woman, quickly, how
much s fifth, a quarter, a third, a half, and a sixth, make
when added together. Say instently what the residue
of three is, subtracting those fractions.

Statement: 3 b % & &

Added together the sum is 33.

Subtracting those fractions from three, the remainder
is £5.

38. Rule for multiplication of fractions' : half a
stanza.

The product of the numerators, divided by the pro-
duct of the denominators, (gives a quotient, which) is
the result of multiplication of fractions.

39. Example. What is the product of two and &
seventb, multiplied by two and a third, and of a moiety
multiplied by a third? Tell, if thou be skilled in the
method of multiplication of fractions.

Statement: 2 2

Reducing to unifirrmity we get &, 4% The product
is §.
Sfatement: 3 %

The product is 3.
40. Rule for division of fractions’: half a stanza.

After reversing the numerator and denominator of
the divisor, the remaining proeess for division of frac-
tions is that of multiplication.

41, Example. Tell me the result of dividing five
by two and a third ; and a sixth by a third ; if thy

¢ Bhiana-gunana, multiplioation of fractions.
* Bhinna-bhdgahdra, division of fractions.
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understanding, sharpened into confidence, be competent
for the division of fractions.*

Statement ; i @) £ 3L

Proceeding as directed, the quotients are 3f and &.

42, Rule for involution and evolution of fractions®:
half a stanza.

If the square be sought, find both squares; if the
cube be required, both cubes : or, to diseover the root
(of eube or square), extract the roots of both (numerator
and denominator).

48. Example. Tell me quickly the square of three
and a half ; and the square root of the square; and the
cube of the same ; and the cube roof of thet cube ; if
thou be conversant with fractional squares and roots.

Statement : 3 o ced 1.

Its square is 42; of which the square root is 2. The
cube of it is 242 ; of which again the cube root is §.

. SECTION 1V,
CreaEr.’

44—45. Rule for arithmetical process relative to
cipher : two couplets.

In addition, cipher makes the sum egual to the
additive.* In invelution and (evolution) the result is
cipher. A definite quantity,’ divided by cipher, is the

' Glnuess omits the latter half of the stanzi. Ganghdhara gives it entire

* Bhinna-targa, aquare of a fraction ; bhinna-ghana, cube of a fraction,

* Stinya, khe, and other synonyms of wactum or etherial space; nought
or cipher ; & blank or the privation of specifioc quantify,—Krishna on Fijge
ganita, )

¢ Kehopa, thut which is oast or thrown in ; sdditive,—Gang,

* Rési. See § 36,
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submultiple of nought.! The produet.of cipher is
nought : but it must be retained as a multiple of cipher,’
if any further operation impend. Cipher having be-
come a multiplier, should nought afterwards become
a divisor, the definite quantity must be understood to
be unchanged. So likewise any quantity, to which
cipber is added, or from which it is subtracted, (is
unaltered ).

[The first four rules are clear. The rule, viz., ““ cipher having

:]

- . s ax0 .
become a multipler, &c.,” is not sccurate. For 5 e Qmsin-

determinate, and not==g, as the rule says. The idea of infinity is
not introduced here by the author. It is, however, introduced
by bim in the Vija-ganite, and also by Ganesa in his commentary
on the above couplets.]

46. Example. Tell me how much cipher added to
five is, and the square of cipher, and its square root,
its cube, snd cube root ; and five multiplied by cipher;
and how much ten is subtracting cipher ; and what
number it is, which multiplied by cipher, and added
to half itself, and multiplied by three, and divided by
cipher, amounts to o given number sixty-three,

Statement: 0. Cipher added to 5 makes 5. Square
of cipher, 0. Square root, 0. Cube of cipher, 0.
Cube root, 0.

' Kha-hara, a Iraction with cipher for its denominator. According to
the remurk of Ganesa, it is an infinite nuantity: since it cannob be de-
termined how great it is. It remains unaltered by the addition cr subtrac-
tion of finite quantities: since, ia the preliminary operstion of redncing
both fractionai expressions to a commeon denominater, prepatatory bo taking
their suwm or difference, both numerator and demominator of the finite
gquuntity vaunish. Rangandtha affinns that it is infinite, beonuse the
smailer the divisor is, the greater is the gnotient: now cipher, being in the
utmost degres small, gives o quotient infinitely great,

* Khaguna, s quantity which has cipber for its wultiplier. Cipher is seb
down by the side of the multiplicand, to denote i.~—Gan,
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Statement : 5. This multiplied by cipher makes 0.

Statement : 10. This divided by cipher gives 3.

Statement : an unknown quantity; its multiplier, 0;
additive, 2 ; multiplicator, 3 ; divisor, 0 ; given num-
ber, 63 ; assumption, 1.

Then, either by inversion or position, as subsequently
explained (§47 and §50), the number is found, 14.
This mode of computstion is of frequent use in as-
tronomical caleulation.

[The last esample as translated by Colebrooke appears to be
meaningless and absard. If we put x for the required number,
we gob the equation,

$ (2% 0+12)
0
which is manifestly absurd. The correct translation, however,
would lead to the equation,
Ox(pt+d2)x3_
0

= 63,

63,

of which w==14 is & solation. ]



CHAPTER IIL
MISCELLANEOQUS RULES.

SrcTION L
INVERSION.

47—48. Rule of inversion®: two stanzas. To in-
vestigate a quantity, one being given,® make the divisor
a multiplicator; and the wmultiplier a divisor ; the
square, a root ; and the roof, a square® ; turn the nega-
tive into positive, and the positive into negative, If
a quantity is to be increased or diminished by its own
proportionate part, let the (lower®) denominator, being
increased or diminished by its numerator, become-the
(corrected®) denominator, and the numerator remain
unchanged ; and then proceed with the other opera-
tions of inversion, as before directed.

[The reason for the rule is clear from the example given in
§ 49. If we want an arithmetical solution of such a problem,
we must begin from the end, and invert every operation indi-
cated in the problem. If a quantity is to be increased or dimi-
nished by its own proportionate part, i.e, if we have an equation

! Drakirns, miscellaneous, The rules conbained in the first five sections
of this chapter have nons answering to them in the Arithmetic of Brahma-
gopta and Sridbara.

* Vilomasvidhi, Viloma-kriyd, Vyasta-vidhi, inversion,

3 Drisya, the quantity or number, which is visible; the given quantity.

 And the cabe, a oube oot ; and the ¢abe root, o cube,~Gan,

& Gqangadhars,

* Ganghdhara,
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be — ae
qreemmes 28 (3 T srmrmaeeems

of the form 2 (u:%)m, then evidontly 2= ;o0 =0 ;5

'ﬁffis explains the latter part of the rule.]

49, Example. Pretty girl, with tremulous eyes,
if thou Know the correct method of inversion, tell me
the number, which multiplied by three, and added to
three-quarters of the product, and divided by seven,
and reduced by subtraction of a third part of the quo-
tient, and then multiplied into itself, and having fifty-
two subtracted from the product, and the square root
of the remainder extracted, and eight added, and the
sum divided by ten, yields two.!

Statement : Multiplier 3. Additive §. Divisor 7.
Decrease 4. Square—. Subtractive 52. Square root—,
Additive 8. Divisor 10. Given number 2.

Proceeding as directed, the result is 28, the number
sought.

SECTION II.
SUPPOSITION.

50. Rule of supposition®: one stanza. Any num-
ber assumed at pleasure is treated as specified in the
particular question, being multiplied and divided,;
raised or diminished by fractions ; then the given
quantity, being multiplied by the assumed number and

VAl the cperations nre inverted. The known pamber 2, multiplied by
the divisor 10 converted inte n multiplicator, makes 20; from which the
sdditive 8, being subtracted, leaves 12; the square whereof {extraction of
the root being direoted) is 144 ; and adding the subtractive 52, it becomes
196 ; the root of this {square being directed) in 14 ; added to its half, 7, it
smounts to 21, which maltiplied by 7, is 147, This again divided by 7 and
multiplied by 3 makes 83, which, subtracted from 147, leaves 84 ; sod this
divided by 8, gives 28.—Mano,

¥ lshia-karman, operaiion with an nesamed nvmber, It i¢ the rale of
false position, supposition, and trisl and error, 4
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divided by that (which has been found), yields the
number sought, ‘This is called the process of suppo-
sition.

51, Example. What is that number, which multi-
plied by five, and having the third part of the product
subtracted, and the remainder divided by ten, and one-
third, & half and a quarter of the original quantity
added, gives two less than seventy ? 4

Statement : Multiplier 5. Subtractive 4 of itself.
Divisor 10. Additive k & § of the quantity. Given 68.

Putting 3 ; this multiplied by 5 is 15; less its third
part, is 10 ; divided by 10, yields 1, Added to the
third, half and quarter of the assumed number 3, viz.,
234, thesum is 3. By this divide the given number
68 taken into the assumed one 3 ; the quotient is 48,

The snswer is the same with any other assumed
number, as 1, &c.

Thus, by whatever number the quantity is multiplied
or divided in any example, or by whatever fraction of
the quantity it is increased or diminished, by the same
ghould the like operations be performed on a number
arbitrarily assumed ; and by that, which results, divide
the given number taken into the assumed ome; the
quotient is the quantity sought.

[The rule in § 50 is a clumsy way of solving a simple equa-
tion. The reason for it will appear below.

Let # denote the number sought in § 5L

Then, 52X X fp+ {45+ 1)a=68

Multiply both sides by any assumed integer %, and we get

o= {68k} + {Ex 5 x § X pt(3+1+1E}-

Thos we see that there is no need at all of assuming an
integer &, as the rule directs. )
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52. Example of reduction of a given quantity.,! Out
of a heap of pure lotus flowers, a third part, a fifth and 4
sixth were offered respectively to the gods Siva, Vishny
and the Sun; and a quarter was presented to Bhavani,
The remaining six lotuses were given to the venerable
preceptor. Tell quickly the whole number of lotuses.

Statement : 4 3 ¥ £; known 6. Putting one for the
assumed number, and proceeding as above, the quantity
is found 120.

[In Pandit Jivénanda Vidyésigara’s edition, there is an
example before this, which is omitted by Colebrooke. It is as
follows semer

Out of & herd of elephants, half together with a third part
of itself was roaming in a forest; a sixth part fogether with
seventh of itself was drinking water in a river ; and an eighth
part together with a ninth of iself was playing with lotuses.
The leader of the herd was seen accompanied by three famales.
What was the number of elephanis in the herd ?

This may be solved either by an arithmetical or an algebrai-
cal method, both being practically the same. Adopting the
Iatter, and putting « for the required number, we get the equa-
tion §HL+H+H1+H)+41+3]a+4=2, whence z=1008,

It may be observed here that all the examples in this Section
are probiems producing simple equations, which are solved not
by the ordinary method of solving simple equations, but by
the author’s method stated in § 50. They may also be worked
out by a purely arithmetiesl method.

The algebraical solution of the problem in § 52 is as follows 1

Let # denote the whole number of lotuses.

Then (3+31+3 e +6=2 whence z= 1207,

! Drisya - jéif, reduction of the vieible or given quantity with fractions
affirmative or negative; here, with negative; in the preceding example,
with affirmative.
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53. Example of reduction of residues.? A traveller,
engaged in a pilgrimage, gave half his money at Praydga ;
two-ninths of the remainder at Kdsf; a quarter of the
residue in payment of taxes on the road ; six-tenths of
what was left at Gayd; there remained sixty - three
nishkas, with which he returned home. Tell me the
amount of his original stock of money, if you have
learned the method of reduction of fractions of residues.

Statement : 3 1 % ; known 63. Putting one for the
assumed number, subtracting the numerator from its
denominator, multiplying denominators together, and
in other respects proceeding as directed, the remainder
is found g% By this dividing the given number 63
taken into the assumed quantity, the original sum comes
out 540.

Or it may be found by the method of reduction of
fractional decrease (§ 33).

Statement : +.3.2.3.%. Being reduced to homo-
geneous form, the result is &% : whence the sum is
deduced 540.

Or this may also be found by the rule of inversion
(§ 47).

[ Let & denote the original stock in nishkas. Then, at Praydga,
there remained }z ; at Kdsf, § of this being spent, there re-
mained § of }z ; similarly, on the road, there remained § of §
of }a, and at Gagd, % of § of § of 4w or %z ; hence we get
2= 63, whence z=540.]

54. Example of reduction of differences.” Out of a
gwarm of bees, one - fifth part settled on & blossom of

} Sesha-jdii, mesimilation of residue ; reduction of fractions of residues or
successive fractional remainders.

* Viglesha-jdti, sesimilation of difference ; reduction of fracifonal differ
ences,
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Kadamba,! and one-third on a flower of silindhri?;
three times the difference of those numbers flew to the
bloom of a Kutazja® One bee, which remained, hovered
and flew about in the air, allured at the same moment
by the pleasing fragrance of a jasmine and pandanus.
Tell me, charming woman, the number of bees.

Statement : + 4 % ; known quantity, 1 ; assumed, 30,

A fifth of the assumed number is 6; a third is 10;
difference 4 ; multiplied by 3 gives 12 ; and the re-
mainder is 2. Then the product of the known quan-
tity by the assumed one, being divided by this remain-
der shows the number of bees 15.

Here also putting unit for the assumed quantity, the
number of the swarm is found 15.

So in other instances likewise.*

fLet # denote the number of bees.
Then, }2+3z+3(32—4x)+1=a, whence o=15.]

Seetion 1n

55. Rule of concurrence : half a stanza.
The sum with the difference added and subtraeted,

} Kadamba, Nancles orientalis or N. Kadamba,

% Siltndhrf, & plant resembiing the Kachore.—Krishns or Véja-ganita,

¥ Echites antidysenterion.

* The Manoranjana introfuces one more exswmple, which is there placed
sfier the second, and is here suhjoined ;' The third part of & necklnce of
peaxls, broken in an amorous struggle, fell to the ground ; ite fifth part reste
ed on the eouch ; the sixth part was saved by the wench ; and the tenth part
wasd taken up by her lover; six pearls remained strung, Bay of how many
pearis the necklace was composed,”

Statement 1 4 § § . Rem, 8,

Asswer : 30,
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being halved, gives the two quantities. This is termed
concurrence.’

[Let 2 and y denote the required numbers. Then,

a-+y=k z-y=1, where & and ! are given quantities ;
whence z==} (k+1), y=§ (k-1).]

56. Example. Tell me the numbers, the sum of
which i a hundred and one, and the difference, twenty-
five ; if thou know the rule of concurrence, dear child.

Statement : sum 101 ; difference 25.

The two numbers are 38 and 63.

57. Raule of dissimilar operation® ; half a stanza.
The difference of the squares, divided by the differ-
ence of the radical quantities, gives their sum® ; whence
the quantities are found in the mode before directed.
[Let z and  be the numbers, Then,
2t P, =i

L yﬁ%’ &e.]

58, Example. Tell me quickly, skilful calealator,
what numbers they are, of which the difference is eight,
and the difference of squares four hundred.

Statement : difference of the quantities 8 ; difference
of the equares 400.

The numbers are 21 and 29.

v Sankrananag, concurrence or mutnal penetralion in the sbaps of sum
and difference.--Gang. Inveshigation of two quantities concurrent or grown
together in the form of sum and difference. —Gan. Cniculation of qusntities
istent within those exhibited. —Bir.

? Vishama-karman, the findivg of the quantities, when the difference of
their sguares is given, and eitber the sum or the difference of the quanti-
ties.~-Gan. A species of conenrrence.—Gang. See'below. §185,

t Or divided by thefr sum, gives their difference.—Gan,
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SzoTroN 1v.
ProztEM coNCERNING SQUARES.

A certain problem relative to squares is propounded
in the next instance.

59. Rule. The square of an arbiirary number, mul-
tiplied by eight and lessened by one, then halved and
divided by the assumed number, is one quantity ; its
square, halved and added to one, is the other. Or
unity, divided by double an assumed number and added
to that number, is a first quantity ; and unity is the
other. These give pairs of quantities, the sum and
difference of whose squares, lessened by ome, are
BquaTes.

[Let » be the assumed number. Then, by the first part of
the role, the two numbers are,

3 Gr-Dand b L (8r2-1) Far

The sum of the squares of these numbers lessened by 1 is

14¢ 132
14\2 1\2
=(§:n—§;€){é(4nm§-&)+2}

2
_ (4n N 2%; )a (2n + 4_1 ) » & perfect square.  Similarly,
the difference of the squares of the numbers lessened by 1isa
perfect square,

Again, by the second part of the rule, the numbers are
~ d1;and (-{ )2-4— 12}...1»%(}_. ! hich
2n+nan ; an {2n+n +(1) mznﬂ:n),w c
are perfoct squares.

Hence the reason for the rule is evident,]

' Vurga-Larman, operation relative to squares ; an indeterminate problem,
admitting innamerable solutions,
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60. Tell me, my friend, numbers, the sum and dif-
ference of whose squares, less one, afford square roots,
which dull smatterers in algebra labour to excruciate,
puzgling for it in the six-fold method of discovery there
tanght.’ '

To bring out sn answer by the first rule, let the
number put be 4. Its square, }, multiplied by 8, is 2;
which lessened by 1is 1. This balved is %, and divided
by the assumed number } gives 1 for the first quantity.
Its square halved is %, which, added to 1, makes §,
Thus the two quantities are 1 and §.

So, putting 1 for the assumed number, the numbers
obtained are % and 5. With the supposition of 2,
they are & and 833

By the second method, leb the assured number
be 1. Unity divided by the double of it is §, which
added fo the assumed number makes §. The first
quantity is thus found. The second is unity. With
the supposition of 2, the quantities are § and 1. Put-
ting 3, they are 12 and 1.

6l. Another Rule? The square of the square of an
arbitrary number, and the cube of that number, res-
pectively multiplied by eight, adding one to the first
product, are such quantities, equally in arithmetic and
in algebra.

Put 3. The square of the square of the assamed
pumber is gy, which maultiplied by 8 makes . This

1 This question, found in Eome copies of the text, and interpreted by
Gunghdbara and the Mansranjand,is upnoticed by the other commentators,
{We do not know what the aushor means by the sizsold method of discovery.
Colebrooke doea ob eny saything sboub it-Ed.)

% To bring out answexs in whole pumbers, the two preceding solutions
giving fraations.—Gen. and Box. .
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added fo 1 is §, which is the first guantity. - Again
put 4. Ifs cube is }, which multiplied by 8 gives the
second quantity 1. Next supposing 1, the two quanti-
ties are O and 8. Assuming 2, they are 129 and 64.
Puatting 3, they are 649 and 216. Axnd so on, without
end, by means of various suppositions, in the several
foregoing methods.

It s snid that algebraic solution similar to arithme.
tical rules appears obscure; but it is not so to the
intelligent ; nor is it six-fold, but mani fold.

[Let n be the arbitrary number, Then, by the rule, the
numbers are, §at + 1 and 8n%;
and [(8n* + 1P+ (8r%)*} = 1= (4n)* (2n®x1), which are per-
fect squares.

Hence the reason for the rule is obvious,]

SEcTION V.,

62--63. Rule for assimilation of the root’s coeffi-
cient : two stanzas.

The sum or difference of a quantity and of a multi-
ple of its square root being given, the square of half
the coefficient® is added to the given number, and the
square root of their sum (is extracted ; that root,) with
half the coefficient added or subtracted, being squared,
is the quantity sought by the interrogator. If the
quantity have a fraction (of itself) added or subtracted,
divide the number given and the multiplicator of the
root, by unity increased or lessened by the fraction,

V Miajdti. mila-gunaka jiti or dshta-miéldunsa-jdti, assimilation and re
dastion of the root's coeficient with a fraction,

! Guag, multiplicator ; mdla-guna, root’s multiplier, the coofficient of
the root. 5
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and the required quantity may be then discovered,
proceeding with those quotients as above directed.

A quantity, increased or diminished by its square
root multiplied by some number, being given, add the
square of half the multiplier of the root to the given
number ; and extract the square root of the sum.
Add half the multiplier, if the difference were given ;
or subtract it, if the sum were so. “The square of the
result will be the quantity sought.

[The third paragraph is in prose in the original, and is sdded
by the aumthor by way of explanation of the two preceding

metrical rules,
Suppose we have the equations,

vkayr=b ... 0. (1)
Then, completing the square, we get

x¢a¢$+(§y=b+(§y;
— / &2 a
.',t\/xwa\/bﬂk(_)?m;
2 2
2

p a\*__a
i fﬂﬂ{*\/b'*"(i) ¢-2‘ .
Hence the reason for the fivst part of the rule is clear. Tti
the ordinary rule for selving an equation reducible {0 & quad-
ratic by completing the square.
The second part of the rale is meant for equations of the form

§m¢a¢5=b ...... (2),

whence we gt
a4/ - 7

c ¢
1:.5:,—‘; li&‘

which is of the form (1), and may be solved as above. Thus
we see the reason for the second part of the rale.]

64. Example : the root subtracted, and the differ-
ence given. One pair out of a flock of geese remained

°F-

f:
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sporting in the water, and saw seven times the half of
the square root of the flock proceeding to the shore
tired of the diversion. Tell me, dear girl, the number
of the flock.

Statement : coeff. I; given 2. Half the coefficient
is 4 ; its square $§ added to the given number, makes
4%, the square root of which is §. Half the coefficient
being added, the sum is L& ; or, reduced to least terms,
4. This squared is 16 ; the number of the flock; as

reguired.
[Let & denote the number of the flock,

Then, 2 +% WETTE:
. 7 1 2__ 7? 9\
. m-—§1/sv+ (4) "2+(Z) ﬂ(Z) ;

- H7“91
A 1/27"";‘—-‘1,

7, N?
whence .rz(;—#a) = 186.

This is an instance of the first part of the preceding rule.]

65. Example : the root added, and the sum given,
Tell me what the number s, which, added to nine times
its square root, amounts to twelve hundred and forty,

Statement : coeff. 9 ; given 1240. Proceeding by the
rule, the required number is 961.

[Let & denoto the number required. Then, 24+9 4/ 7 =. 240,
whence 2.]

66, Example: the root and a fraction both sub-
tracted. Of a flock of geese, ten times the squnare root
of the number departed for the Mdnasa lake,! on the

Wild geese are observed to guis the plains of Indis, at the approsch of
the rainy season; zud the lake oalled Mdrasasgrovars iz covered with
waber-fowl, especinlly geese, daring that sesgon, The Hindus suppose the
whole tribe of geese to refire to the holy lake abt the spproach of rain,
The bind is sacred to Brohmé, [See Raghuvanse, XIIL 55.—Ed.]
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approach of 2 cload : an eighth part went to a forest of
Sthalapadminis' : three couples were seen engaged in
gport on the water abounding with delicate fibres of the
lotus. Tell, dear girl, the whole number of the flock,

Statement : coeff. 10 ; fraction } ; given 6,

Proceeding by the (second) rule (§63), unity, less the
fraction, is & ; and the coefficient and the given num-
ber, being both divided by that, become 82 and A,
snd the half coefficient is 42. With these, proceeding
by the (first) rule (§62), the number of the flock is
found 144.

[Let 2 denots the whola namber of the fock.

Then, 10 »/"Ju“+§x+ bmi;

g.rml()v’?u 6 ; whenee .

This is an instance of the second part of the rule in §62—868.]

67. Exsmple. The son of Prith4,” irritated in
fight, shot a quiver of arrows to slay Karna. With
half his arrows, he parried those of his antagonist ;
with four times the square root of the quiver-full, he
killed his horses ; with six arrows, he slew Salya® ; with
three he demolished the umbrells, standard and bow ;
and with one, he cut off the head of the foe, How
many were the arrows which Arjuna let fly ?

Statement : fraction § ; coeff, 4 ; given 10.

The given number and coefficient being divided by
unity less the fraction become 20 and 8 ; and proceeding
by the rule {§62), the number of arrows comes out 100,

! The plant intended is not ascertained. The context would seem toimply
that it is arboreous, as the term signifies forest.

 Arjuna, surnumed Péreba: his matronymic from Prithi or Kuntf,

* One of the Kauraras, snd charioteer of Karna.
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[Let 2 denote the number of arrows.
Then, 5@ + 44/ +6 + 3 + 1 =, whence .]

68. Example. The square root of balf the number
of 8 swarm of bees is gone to a shrub of jasmin'; and so
are eight-ninths of the whole swarm : a female is buz.
zing to one remaining male that is humming within a
lotus in which he is confined, having been allured to it
by its fragrance at night® Say, lovely woman, the
number of bees.

Here eight-ninths of the quantity and the root of its
half are negative { and consequently subtractive) from the
quantity : and the given number is two of the specific
things. The negative quantity, and the given number
halved, bring out half the quantity sought. Thus:—

Statement : fraction .§; coeff. .4; given 1,
A fraction of half the quantity is the same as half

the fraction of the quantity ; the fraction is therefore
set down (unaltered).

Here proceeding as above directed, there comes out
half the quantity, 36; which being doubled is the
number of bees in the swarm, 72.

! Mdlati, jasminum grandifforum.

¢ The loins belng open at night and olosed in the duy, the bee might be
eaught in it.—Gan,

* In such questions it is necessary to observe whether the coefBelent of the
roet be s0 of the root of the whole number, or of that of its part; for that
guantity is fonnd, of whose root the ccefficient is veed. But in the present
oase, the root of half the guantity is proposed ; and accordingly, the half
of the quantity will be found by the rule. The number given, however,
belongs to the entire quankity. Therefore, toking half the given number,
half the reguired number is to be bromght out by the process before
directed,—Mane, and Sdr,
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[Let = denote the number of bees.
Then, ¢/ }z+ $2 + 2 = .
Puty = 4o, and we get
y—%y— % 1/3 =1,
whence by the rule in §§ 62-68, we obtain y = 36, and .,
x =72

Thus the reason for the process given in the text is clear, The
reason given by the author and the commentators is not very
clear.]

69. Example: the root and a fraction both added.
Find quickly, if thou have skill in arithmetic, the quan.
tity which added to its third part and eighteen times its
square roof, amounts to twelve hundred.

Statement : fraction § ; coeff. 18 ; given 1200,

Here, dividing the coefficient and given number by
unity added to the fraction (§63), and proceeding as
before directed, the number is brought out, 576,

{ Let # denote the number required.

Then, # 4+ Ja 4 18 1/_:?:_*: 1200 ; whence a.]

SECTION VI
Rure or Prorortion.!

70. Rule of three terms® : one stanza.

The first and last terms, which are the argument and
requisition, must be of like denomination ; the fruit,
which is of a different species, stands between them :
and that, being multiplied by the demand and divided

' [A more literal translation would be * Rule of Three,’ the word in the
original beivg treirdrike.—Bd,]

¥ Trairdsita, caloulation belonging to a set of three terms,—Gung. Rule
?f Three. The first term is pramdna, the mensure or argument ; the second
is s fruity phala, or produce of the argument; the thirdis ichehhd, the de-
mand, requisition, desire or question,—Gan,
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by the first term, gives the fruit of the demand! [n
the inverse method, the operation is reversed.’

[ The rule is the ordinary mechanical one for solving problems
involving the Rule of Three, direct and inverse. It is not stated
in the Iight of the principle of proportion, and is practically
the same as that given in Mr. Barnard Smith’s well-known work
on Arithmetic, Art. 155.]

71. Example. If two and a half palas of saffron be
obtained for three-sevenths of a nishka, say instantly,
best of merchants, how much is got for nine nishkas.

Staternent : 3 2 £. Answer : 52 palas and 2 karshas,

[ This is an example of the Rule of Three direct. Worked
ont by the principle of proportion, the process will stand thus s

Let z denote the quantity sought in palas.

Then, we evidently have the proportion,

Fiatl 19,
SrXd =g x9,
ix9

o & ==

7= 52

Thus the answer is 52} palas = 52 palas, 2 barshas,

The reason for the rule in § 70 is obvious.]

72. Example. If one hundred and four nishkas are
got for sixty-three palas of best camphor, consider and
tell me, friend, what may be obtained for twelve and
a quarter palas.
 Statement: 63 104 42. Answer: 20 nishkas, 8 dram-
mas, 8 panas, 3 kdkinis, 11 cowryshells and }th part.

[This also is an instence of the Rule of Three direct, and may
be worked out as above. ]

! Iehohhd-phala, produce of the vequisition, or frait of the question ; it ia
of the sume denomination or species with the sscond term,
18 § T4,
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73, Example. If a kAdri and one-eighth of rice
may be procured for two drammas, say quickly what
may be had for seventy panas.

Statement, reducing drammas to panas: 82 £ 70,
Answer: 2 khdris, 7 dronas, 1 ddhaka, 2 prasthas.

{ This is » third instance of the Rule of Three direct.]

74. Rule of Three inverse!

If the fruit diminish as the requisition increases, or
augment as that decreases, they who are skilled in ac.
counts consider the Rule of Three terms to be inverted.?

When there is diminution of fruit, if there be increase
of requisition, and increase of fruit if there be dimi-
nution of requisition, then the inverse Rule of Three is
(employed.)

[ This s the ordinary definition of inverse variation.]

75. For imstance, when the value of living beings®
is regulated by their age; and in the case of gold,
where the weight and touch are compared®; or when
heaps’ are subdivided ; let the inverted Rule of Three
terms be (used).

' Vyasta-trairdsika or Viloma-trairdsika, rale of three terms inverse,

* The method of performing the inverse rule has been already taught
{§ 707, viz., © in the inverse method, the operation is reversed;” +.z., the fruit
is o he multiplied by the argument and divided by the demand —8«r,

When the froib inoresses or decreases, as the demand is augmented or
diminished, the direct rals {(Krama-frairdsike) is used; else the inverse.—
Gan.

¥8laves and eaftle. The price of the older is less ; of the yonmper,
greater,—~Gang. and Sdr.

* Colour on the tonchetone. Hea Alligation, § 101.

® See Chap. X. When heaps of grain, which had been meted with a small
measure, are again meted with a larger one, the number decresses; and
when those, which had been meted with s large messare, are again meted
with a smaller one, there is inoresse of number,—Gang, and Bdr,
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[Some instances of inverse variation are here mentiored,
The reason is clear from the foot-notes appended. The author
does not mention the common instance of time and sgency re~
quired for a given piece of work.]

76. Example of age and price of living beings. If
a female slave, sixteen years of age, bring thirty-two
(niskkas), what will one aged twenty cost ? If an ox
which has been worked two years sell for four nishkas,
what will one, which has been worked six years, cost ?

1st Statement : 16 32 20.  Answer : 253 nishhas,

9nd Statement : 2 4 6.  Answer : 1} nishka,

[ Let # denote the cost in the first example. Then - the
greater i the age, the smaller is the cost, we have the propor-

fion,
16:20 :: »:32,
Whence 2 = 18282 =~ 252

Similarly the second example as well as those in the next two
urticles may be worked out.]

77. Example of touch and weight of gold. If a
gadyanaka of gold of the touch of ten may be had for
one nishka (of silver), what weight of gold of fifteen
touch ray be bought for the same price ?

Statement : 10 1 15,  Answer &

78. Example of subdivision of heaps. A heap of
grain having been meted with a measure containing
seven ddhakas, if a hundred such measures were found,

what would be the result with one containing five
ddhakas?

Statement : 7 100 5. Answer 140.
79. Rule of compound proportion® : one stanza.

' [ A more literal translation wonld ba, ¢ Ruie of Five and so forth,” the
word in the original being, panchardeibddan.—Ed.] This, which is the com-
pound Rule of Three, comprises, according to Ganess, fwe or more sebs of
threeterms (¢rairdsika) ; or two or more propori{ons {rzwp«im)} a8 Sdryaddss

¢
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+

In the method of five, seven, nine or more! terms;
transpose the fruit and divisors’; and the product of the
larger set of terms, being divided by the product of the
less set of terms®, the quotientis the produce (sought)

[This is practically the same rule, rather incompletely stated,
for solving problems involving the Double Rule of Three, as
that given in Mr. Barpard Smith’s work on Arithmetic, Art.
161.* Tt is a clumsy and a purely mechanical rule, having no
connection whatever with the principle of proportion. The
meaning of the phrase, *transpose the fruit and divisors,”
as expleined by (lanesa, will appear from the foot-notes ap-
pended to the following articles, b should be observed here
that “the product of the larger set” is not necessarily the
vumerically larger product; see the example in § 82. For

observes, Thus the ruls of five {pancha-rdsika) comprizes two proportions ;
that of seven (rapic.rdsita) three ; that of niuve {nara-rdsika) four; and
that of eleven {ekddasa-rdsika) fve.

' Meaning eleven, Mane, and Sdr.

? Ganesa and $he commentator of the Vdsand unuderstand this last word
¢ chhid, divisor) as relating to denominators of fractions ; and the tranaposing
of them (if any there be) is indeed right: accordingly the author gives
wpnder this rule an ezample of working with fractions (§ 81). DBatthe
Manorarfena and Bdrysdfsa exploin it otherwise ; and tire latter cies as,
ancient commentary entitled Ganrile-Kaumud? in support of his exposition,
i There are two sels of terms; those which belonyg to the srgumeut, and
those which appertain to the requisition. ‘The frmit in the frsk sed is called
produce of the arguraent; thab in the second is named divisor of the set
They ars to be transposed, or reciprooally brought from one set to the other ;
1.6, pub the froit in the secomd set, and the divisor in the Srst. Would it
not be enough to say, franspose the fruits of hoth sets? The author of tha
Kaumudé roplies, ‘the designation of diviser serves fo indicate thab after
tranaposition, the fruit of the second set being included in the produck
of the less seb of terms, the product of the greater set ia to be divided by
it. Bome, however, intepret it as relative to fractions, Bui thatis wrong:
for the word would be superfluous.”” [This explanation is not very clear,
Ed.]

* Bahu-risi-paksha, set of many terms, That to which the fruft ia
brought is the Intger set.—Gang. Or, if thers he fruit on both sides, that,
in which the fruit of the requisition is, is the larger set.—Gan, Laghu-rdisi-
Faksha, set of fewer terma,
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the meaning of the term “larger set,”’ see foot-note 3 p. 42.
The phrase has been rather loosely used. ]

80. Example. If the interest of & hundred for a
month be five, say what the interest of sixteen is for a
year. Find lkewise the time from the principal and
interest ; and knowing the time and produce, tell the

prineipal sum.

Statement : 10(1) }g Arswer' ; the

5
interest is 92,
1
To find the time; statement : 100 18
5 48
Answer* : months 12.
1 12
To find the principal ; statement : 100
5 48
Angwer® : principal 16.
[Worked out by the principle of proportion, the process will
stand thes :—
Let 2 denote the interest required, Then, the int. of 16 for
1 year=int. of 16 x 12 for 1 month; and - with a given time,

! ‘Transposing the frait, 10(1) %2

Product of the lnrgerset, 960
Do, of the lesa set,

* Traneposing botk fruits, 100

100 Quotient, i-_° or ‘@-
1

at 12 and the denominator, Igg lg
£
Product of the larger sef, 4800, : 8
Do. of the lessser, = 00, Sootient; 12,
1 Iransposing both fruits, m(l) 12 21 the depominator, IO%) 12
L8 5 48 i
& ]

Product of the iarger se 4809
Dor - of the Toset t 4300 Quatient, 16,
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the interest varies directly as the principal, we get the proportion,
100 : 16x12:156:a

whence z = 18X12X5 . &

and the reason for the rule in § 79 is evident. Similarly for the
other parts of the example.]

81. Example. If the interest of a bundred for =
month and one-third be five and one-fifth, say what
the interest is of sixty-two and a balf for three months
and one-fifth.

Statement: & 18

100 134 Answer': interest 7%,
5

[This may be worked out similarly as the preceding example.]

82. Example of the Rule of Seven. If eight best
variegated silk scarfs, measuring three cubits in breadth
and eight in lengthy cost a hundred (nishkas); say
quickly, merchant, if thou understand trade, what a
like scarf, three and a half cubits long and half a cubit
wide, will cost.

} Trapsposing the fruib, ¢ it and the denominators, 4 18
00 2ir 53
28 100 125
g 2
[ 26
1 4
Abridging by corzespondent reduction on both sides, 2 g and by
2
5 26
i 1
further rednction, } ?
14
& 13

FProduot of the Inrger set, 39, .
of thie less net, ’ 5. Quotient, 74.

The sbridgment of the work by reduction of terms on both sides by their
eommon divisors is tanght by the Munoranjana.
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14, panas, 9, kdkini 1, cowry-shells 63.

[Let 2 denote the cost required.

Then the ares of cloth in the first ease

== 8X 3 X 8 sq. cubity;

and in the second case

= 1 % } x4 sq. cubifs,
Hence, the quality of the cloth remaining the same, we got the
proportion,

E§x3xB:Ixixi 100:x

whence & =§~%—2§,
and the reason for the process given in the foot-note is evident.]

83. Example of the Rule of Nine. Ifthirty benches,
twelve fingers thick, square of four wide, and fourteen
cabits long, cost a hundred (nmiskias); tell me, my
friend, what price fourteen benches will fetch, which
are four less in every dimension.

Statement : ig 1§ Answer': nishkas 16%.
14 10
30 14
140
! Transposing fradb and denominntors, g i
8 7
2

8 1
160

Product of the larger ses, 700, .
Do, of the less sot, 765, Quotient: 0, 14,9, 1, 6,

* Trapsposing fraib, %g lg Abridging by ; §
4 18 correspondent 1 1

] 14 reductionen 3 1

100  both sides, 100

Product of the larger net, 100, ,, ..
Do, ofibe leasg set, g, Quotient, 16},
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[Hers, putting « for the price, and proceeding as above, we

get the proportien,
30x12x16x 14 x24: 14 x8x 12 x 10X 24 :: 100 ¢,

whence is known.]

84, Example of the Rule of Eleven. If the hire
of carts to convey the benches of the dimensions first
specified (in the preceding example), through a dis-
tance of one league (gavyit') be eight drammas ; say
what the cart-hire should be for bringing the benches
last mentioned, four less in every dimension, through
o distance of six leagues.

12 8
Statement : 16 12 Answer®: drammas 8.
14 10
30 14
1 6

8

[Let & denote the cart-hire required.

Then in the first case, solid content of benches = 30 % 19 x
16 x 14 x 24 cubic fingers, aund they are carried through a
distance of 1 league ; aud in the second case, solid content
of benches = 14 X 8 x12x 10 x 24 cubic fingers, and they are
carried through a distance of 6 leagues, which is the same asa
solid content of 14 x 8 X 12x10% 24 X 6 cubicfingers carriad
through 1league;

Y Garyitl, two kroszz or half a yefana; i contolns rother more than
8000 yards, and is more than 4} English milea,

* Traneposing the freit, 12 § Abridging by 1 1
%E ;3 correspondent ]2 %
a0 f4 reductionon 3 1
! S both sides, ! H
1 1
and by farther i .1 Produst of the larger set, 8.
. i 1 Quotient, 8.
reduction, 1 g Do ofthelessset, 1
4
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henice, since for & given distance, the hire will vary directly as
the solid content of benches carried, we get the proportion,
0% 19x 16X 14 x24x 114 x8x12x10x 24 x6;::

8.4
whence & = MTAIINT = 8]

85, Raule of barter'; half s stanza. So in barter
likewise, the same process is (followed) ; transposing
both prices, as well as the divisors.?

[The reason for the rule will appear from the example which
follows.]

86. Example. If three hundred mangoes be had
in the market for one dramma, and thirty ripe pome-
granates for a pana ; say quickly, friend, how many
should be had in exchange for ten mangoes,

Statement : 16 1 Answer®: 16 pomegranates.

300 30
10

v Bldnda-prati-bhidndaka, commodity for commedity; compuiation of
the exchange of goods {rastu-winimaya.ganitu,~Qang.); barter,

* Qapghdhars, Stryadisa aud the Manerasfans, so read this pussage,
hardnseha-miilys. Buot Ganess and Rangandtha have the affirmative adverh
saddhi (always)inplace of the word hardnseks (and the divisors), At all eventa,
the trausposition of denominators takes place, s weual; and so does thad
of the lowest term or frait, as in the Ruls of Five, to which, as Stiryadisa
remarks, this is analogous. It comprizes {wo proportions, thus stated by
hin from the example in the text :—“¥f for one panae, thirly pomegranates
way bebad, hew many for sixteen? Answer, 480. Again, if for 300
mangoes, 8¢ pomegranabes many be had, how many for ten? Anewer, 16,
Hgre thirty is firat multiplied by sixteen and then divided by one; and
then multipiied by ten snd divided by three hundred, For brevity, the
prioes nre fransposed, and the result is bhe same,”

' Transposing the prices, 306 %‘g and troneposing the

i0
fruit, 30{1) ig
10
Pr duct of the larger seb, 4800,

Do.  of bhe lesszet, 300, Quotient, 18,
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[The example involves two proportions, as Stiryaddsa observes
First find how many pomegranates can be had for One:
dramma or 16 panas,
Patting y for this number, we get
30:y::1:16,
ooy =80 x 16,
Hence by the question, 300 mangoss a i
80x16 pomy;granatgs. ¢ © cdvivalent to
Then, putting # for the number of pome ;
et the oporiom, pomegranates required, we
300:10:: 30 x 16: =,
whence o ”Mél&%m = 16,

and the reason for the rule in § 85 is obvious.]

J——



CHAPTER 1V.
INVESTIGATION OF MIXTURE.

SEctioN 1

INTEREST.

87—88. Rule: a stanza and a half?

The argument’ multiplied by its time, and the fruit
mn‘i‘é';plied by the mixed quantity’s time, being several-
ly sit down, and divided by their sum and multiplied
by the mixed quantity, are the principal and interest
(composing the quantity). Or the principal being
found by the rule of supposition (§ 50), that, taken
from the mixed quantity, leaves the amount of interest.

[The rule refers specially to the example given in § 89, By
the word argument is meant 109, and by the word fruét is meant
the interest om 100 for 1 month, or, as we would call it, the rate
per cent. per mensem.

Let p=rate per cent. per mensom.
t=time in years,
P = principal.
T=interest,
A= amount.

' Misra-ryarakdrs, isvestigation of mixture, ascertainment of eompasi-
tion, as principal and interest, and so forth,—Gan. It is ohiefly grounded
on the rule of proportion.—JIdid. The rules in thiz chapber bear reference
to the examples which follow shem, Ganerally they are guwmstiones ptivse,
problems for exercise.

* To investigate the principal and interest, the amount, time and rate
being given.~@an,

* Praming, arguenent ; phala, fraib (§ 70); principal and interest.

B M 7
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Then’I:Px;;ﬂlﬁxt,
rX12x¢) 1004 7% 12x ¢
sd=p 147202 }-Px———-mmm__..._
Ax 100 . Axrxi2xt
T I004ex12%E and I‘lOO-}-rxl% xt’

The last two formul stated in words give the first part of the
rule. Tt is evident that these formule may also be derived
by a simple proportion, as observed by Glanesa,

In the latter part of the rule, the principal is found by the
sathor’s method of supposition, which is practically the same ag
the solution of a simple equation. ]

89. Example. If the principal sum, with interest
at the rate of five on the hundred by the month, amount
in a year to one thousand, tell the principal and ini rest

respectively.

Statement: 1 19
100 1000.
5

Answer': principal, 625 ; interest, 375.

Or, by the rule of position, put one; and proceeding
according to that rule (§ 50), the intevest of unity is
%, which, added to one, makes 8 The given quantity
1000, multiplied by unity and divided by that ($),
shows the principal 625. This, taken from the mixed
amount, leaves the interest’ 375,

[The second solation follows the latter part of the preceding
rule,

' 100 multiplied by 1 iy H00; 5 by 12 is 60. Their sam 160 is the divisor,
The first number 300, muitiplied by 1000, and divided by 160, is 625, The
second 60, muttiplied by 1000, and divided by 160, gives 8375, —~CGung,

# Or the principal being kuowa, the interest may be found by the Rale of
Five, - Stir.
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Let z denote the principal required. Then -+ the rate per

cent. per annum is 60, we get
.ﬂ( 1 ‘*'i%% = 1000,
whence 2= %Q—ﬁ. ]

90. Rule': The arguments taken into their respec-
tive times are divided by the fruit taken into the elapsed
times ; the several quotients, divided by their sum and
multiplied by the mixed quantity, are the parts as
geverally lent.

[The rule refers specially to the example in § 91.

Let #, y, 2 be the portions lent at r,, », », per cent. per
mensem, and let /= common interest in ¢,, ¢,, ¢, months respec~
fively.

Then, z+y+2z=a, a given quantity ;

d a:x'rlXt;=yxrgxtgazxr3xtsﬁr

100 100 100 !
100%1 . 100x 1, 100X 1.
PiXb T PeXt, | ryXiy

LElylen

g 100X1 % a
" mXE  100x1,100x1 , 1001
X Ty X1y Py X by
with similar values for y and 2. Hence the rule. Ganesa’s ex-
planation is practically the same as the above, but it is rather
obscure : see footnote 2.]

91, Example. The sum of six less than a hundred
nishkas being lent in three portions at interest of five,
three and four per cent., an equal interest was obtained
on all three portions, in seven, ten and five months
respectively. Tell, mathematician, the amount of each
portion.*

! For determinia g parts of a compound sum,—Sdr.
* Since the smount of interest on all the pertions is the same, put wnity
for its arbitrarily assumed amount: whence corrgsponding priocipal sums
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Statement : 1 7 1 10 1 3
100 100 100
5 3 4
Mixed amount 94, '

Answer': the portions are 24, 28 and 42. The equal
amount of interest is 8.

92. Rule’: half o stanza.

The contributions® being multiplied by the mized
amount and divided by the sum of the contributions,
are the respective fruits.

[If we divide the mixed amount into parts proportional to
the contributions, we shall get the mixed amount as dne %o each

oontribrtion. And this amount less the contribution is the gain,
Hence the reason for the rule is ohvions.]

are found by the Ruls of Fiva, For instance, if a handred he the capital, of
which five ia the interest for o month, what is the capital, of which toiby iy
the interest for seven montha ] and in liks manner, the other principal suma
are to be found. Thus, a compound proportion being wrought, the time ig
multiplied by the argument to whick i appertaing, and divided by ths fruit
taken info the elapsed time, Then, 08 the total of those principal sums is
to them severally, so ia the given total to the respeetive portions lent, They
ore thus severally found by the Rule of Three—Gag.

' Maltiplying the argament and frajs by the t{mes, and dividing one pro.
dact by the other, there result the fractions B 30 A or AR
which reduced 1o a commoen depominator and summed, make %52 Myly.
plied by the mixed smonus 94, the Iractions besome L8R, 2820, 1880, ppg
$hon divided by the sum 1582, they give 18, 148, s, or 24, 98, 43— Mana,

17
To find the inberest, vmploy the Ruls of Five; 100 24, Answer,B83. By
b

the same method, with ol thres portiong, the interest comes oub the same,
Siir,

® The capitel sums, their sggregate smount, and the sum of the gales
being given, to apportion the gains.—Gax,

' Prakshepaka, that which is thrown in or mized.—Gan, J oined together,
—Sifr,

* The principle of the rule in cbvious, being simply the Rule of Thres,
~{Fan.

If by this sum of contributions, this contribution be had, then by the com.

pound sum what will be? TPig Aumnbers thus found, less the contributions,
are the gains,—~Renganitha on the Ydsand,
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93. Example. Say, mathematician, what the ap-
portioned shares are of three traders, whose original
capitals were respectively fifty-one, sixty-eight and
eighty-five, which have been raised by commerce con-
ducted by them on joint stock, to the aggregate amount
of three hundred,

Statement : 51, 68, 85 ; sum, 204. Mixzed amount,
300.

Answer : 75, 100, 125, These, less the capital sums,
are the gains : viz., 94, 32, 40,

Or the mixed amount, less the sum of the capitals, is
the profit on the whole : wiz., 96. This being' multi-
plied by the contributions and divided by their sum,
gives the respective gains : viz., 24, 32, 40.

[The whole gain being divided into parts proportional to the
contributions, gives the respective gains. ]

SECTION 11.

94. Rule': half a stanza Divide denominators by
numerators ; and then divide unity by those quotients
added together. The result will be the time of filling
(a cistern by several fountains).

[The rule refors to an example of the class given in § 95.

Let the times in which the fountains can severally fll the

cistern bhe g—', gi, &c., of a day. Then in one day, the parts
3 2

of the cistern filled up by the fountains severally are%, %, &e.;
1 2

~if they work together, the part filled in one day will be
=_bw!.+§£ +&c. ;
Gy

a4y

! To apportion the time for a mixbure of Bprings to All & well or eisbern,
-Gan, “To solve ap insfance relative so Iraotions, —Rdr,
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» the time in which the whole cistern will be fill:adm 1
5, b
&—-i-(—i" +&e.
1 ]

of a day,
whence the reason for the rule is evident, The explanations of
this rule given by the commentators are all vague and unsatis.

factory.]

95. Example. Say quickly, friend, in what portion
of a day (four) fountains, being let loose together, will
fill & cistern, which, if severally opened, they would fill
in one day, halfa day, the third, and the sixth part,
respectively.

Statement: ¥, , 3, 4

Answer : yth part of a day.

Sserron 11
PorcEAsE AND SALE.

96. Rule! By the (measure of the) commodities!
divide their prices taken into their respective portions
(of the purchase); and by the sum of the quotients
divide both them and those portions severally multi.
plied by the mixed sum : the prices and quantities are
found in their order.

{ The reason for the rule will appear from the solution of the
example in § 97.]

97. Example. If three and a half mdnas® of rice
may be bad for one dramma, and eight of kidney-beans®

1 For & case where o mizture of portions and composition of things are
given.—Gan, Coneerning wessare of grain, &o—Sdr.

# Panya, the measore of the grain or other commodity preenrable for the
current price in the market, —Bdr, and the Muana.

*Aldna or wdnake, 8 meastire; seemiugly intending a parlioular one
Agcording to Gunesn, the mana (apparently the same as the mdna} is ab most
&2 eighth of » khdri: being a cubie span. Bee note to § 296. A spurious
ecuplet (see note on § 2) makee it the modere measure of weight containing
forty sore.

* Mudga, phaseclus mungo ; a sorh of kidney-bean,
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for the like price, take these thirteen Adkinis, merchant,
and give me quickly two parts of rice with one of kid.
ney-beans ; for we must make a hasty meal and depart,
since my companion will proceed onwards.

Statement: ¢ §. Mixed sum 33.
t ¢
3 t
The prices, }, §, multiplied by the portions ¢ 4 and
divided by the goods {, §, make 4, %, the sum of which
is §3. By this divide the same fractions £, #, taken
into the mixed sum }§; and the portions £, 4, taken
into that mixed sum $§. There result the prices of
the rice and kidney-beans, } and 18z of a dramma ; or
10 kdkints and 13} shells for the rice, and 2 kd#ings and
63 shells for the kidney-beans ; and the quantities are
vz and % of a mdna of rice and kidney-beans respec-
tively.
[ Let # denote the mdnas of kidney-beans.

Then 24 will denote the mdnas of rice,
Now the price paid = 12 of a dramma ;

S 2exidaexfeis,
Whence « (4 + 1) = 34,
HEg
i “—'—"% +“;‘*-—“ T
2 x 13
amd 20 = %“_“}j%"= T4 3
and the prices are,  Jf x } = ;1.
and 27 X $=1

Hence the reason for the rule is evident. General formnle
corresponding to the rule in § 96 may be easily established, Tt
is, however, not worth while to do so,

The example in § 98 may be worked out in & similar manner. ]
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98. Example. If a pala of best camphor may be
had for two nishkas, and a pala of sandal-wood! for the
eighth part of a dramma, and half a pala of ale-woogt
also for the eighth of a dramma, good merchant, give me
the value of one nishta in the proportions of one, sixteen
and eight ; for I wish to prepare a perfume,

Statement : 32 } 3 Mixed sum 16,

113
116 8
Answer. Prices: drammas, 143, §, §.
Quantities : palas, §, 73, 33.

SECTION 1V.

99. Rule. Problem concerning a present of gems

From the gems subtract the gift multiplied by the per.
sons ; and any arbitrary number being divided by the
remainders, the quotients are numbers expressive of the
prices. Or the remainders being multiplied together,
the product, divided by the several reserved remainders,
gives the values in whole numbers.

[ The reason for the rule will appear from the solution of the
example in § 100, to which the rule specially refers.}

100. Example, Four jewellers, possessing respee-
tively eight rubies, ten sapphires, a hundred pearls, and
five diamonds, presented, each from his own stock, one
apiece to the rest in token of regard and gratification at
meeting ; and they thus became owners of stock of pre-

cisely equal value. Tell me severally, friend, the prices
of their gems.

! Chandana ; sentalem glbom,
® Agury; aquillaria agallochum,

* The problem ie an indeterminate one. The solution gives relative valuos
only,
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Statement : rab. 8 ; sapph. 10; pearls 100 ; diam. 5 ;
gift 1 ; persons 4.

Here, the product of the gift I by the persons 4,
viz., 4, being severally subtracted, there remain rubies %,
sapphires ’6, pearls 96, diamend 1. Any nux.nber arbi-
trarily assumed being divided by these remainders, the
quotients are the relative values. Taking it at random,
they may be fractional values; or by judiclous se-lec-
tion, whole numbers Thus, put 96; and the prices
thence deduced are 24, 16, 1, 96; and the equal stock
233,

Or the remainders being multiplied together, and the
product severally divided by those remainders, the
prices are 576, 384, 24, 2304 ; and the equal amount
of stock (after interchange of presents) is 5592.

[ Let the relative values of a ruby, sapplire, pearl, and dia-
mond be respectively z, 3, z w.  Then we shall evidently get
from the conditions of the problem the following equations :—

Sety+atw
=Ty+zt+zt+w
== @74ty oo
=2wtzty+z
S Ar=0y=96z==w=k suppose ;then x:—_;"—;, y= éf, e E.

Putting k=L. C. M. of 4, §, 96, 7., 96, we get the least
integral values of 2, y, 2, w, viz, 24, 16, 1, 96 ; and putting &
=product of 4, 6, 96, we get for z, , 2, w, the values 576, 384,
24, 2304,

The reason for the rule in § 99 will be evident from the above
algebraical solution. The coefficients of ¥ &e. in the final
equations will be

=the no. of the respective gems—the no. of that gem given
to each person x the no. of persons altogether.

For instance, if there were 9 rubies, and each presented 2

8
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from his pocket to each of the rest, the coefficient of 2 in the
left hand side of the first equation would have been 8 ; ang
that of z in the right hand side would have been 2; thyg
the coefficient of 2 jn the simplified equations would have beeq
) 1, e, 9 ~4 %2, which agrees with the rule in § 99.

Siryadése cites the Vija-ganéta for the solution of the pro-
blem. Rangandtha gives an arithmetical explanation which,
bowever, is meaningless add obscure. ]

SECTION V.
ArrigaTiox.!

101. Rule® The sum of the products of the touch®
and (weight of several parcels)* of gold being divided
by the aggregate of the gold, the touch of the mass is
found : or (after refining) being divided by the fine gold,
the touch is ascertained ; or divided by the touch, the
guantity of purified gold is determined.

[This is simply the ordinary rule for alligation medisl. We
may consider the prices per mdsha of the several kinds of gold
as proportional fo the fineness, The reason for the rule is obvi-
ous.]

102—103. Example. Parcels of gold weighing
severally ten, four, two and four mdshas, and of the
fineness of thirteen, twelve, eleven and ten respectively,
being melted together, tell me quickly, merchant, who
art conversant with the computation of gold, what the
fineness of the mass is. If the twenty mdshas above

} Suzarng-ganita, computation of gold, that is, of its weight and fineness;
alligation medial,

* To §rd the fineness produced by mixture of parcels of gold; and, after
refining, to find the weight, if the fineness be known ; and the ficeness, if
the weight of refined gold be given.—Gan,

* Yarna, colour of gold on the touchstone; fineness of gold determined
by that touch. See § 77, “ The degrees of fineness increase as the weight
is reduced by refining.”— Gan.

4 Gang. '
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described be reduced to sixteen by refining, tell me in-
stently the touch of the purified mass, Or, if its purity
when refined be sixteen, prithee, what is the number to
which the twenty mdshas are reduced ?
Statement : tonch 13 12 11 10;
weight 10 4 2 4.
Answer’: after melting, fineness 12 ; weight 20.

After refining, the weight being sixteen mdshas, the
touch is 15. The touch being sixteen, the weight is 15.

104. Rule From the acquired fineness of the
mixture, taken into the aggregate quantity of gold,
subtract the sum of the products of the weight and
fineness (of the parcels, the touch of which is known),
and divide the remainder by the quantity of gold of un-
known fineness ; the quotient is the degree of its touch.®

105. Example. Eight mdshas of ten, and two of
eleven by the touch, and six of unknown fineness, being
mixed together, the mass of gold, my friend, becanre of
the fineness of twelve ; tell the degree of unknown
fineness.

Statement : 10 11 Fineness of the mixture 12,

8 2 4
Answer: degree of the unknown fineness 15.
[Let 2 denote the unknown fineness. Then, (B4+2+86)x12

=8x104+2x1146x 2,
(B+2+6)x12-(8x 1042 x 11)
; .

whence z= The reason for

the rule fn § 104 is obvious.]

! Products 130, 48, 22, 40. Their sum 240, ditided by 20, gives 12; divid-
ed by 18, gives 15,

¥ To discover the firovess of a parcel of unknown degres of purity mixed
with others of which the touch fs known,—Gan.

* The rule being the converse of the preceding, the prineiple of it {a
cbvious.—Rang,
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106. Rule! The acquired fineness of the mixtupe
being multiplied by the sum of the gold (in the knowy
parcels), subtract therefrom the aggregate produets of
the weight and fineness (of the parcels): divide the
remainder by the difference between the fineness of the
gold of unknown weight and that of the mixture, the
quotient is the weight of gold that was unknown.

107. Example. Three mdshas of gold of the touch
of ten, and one of the fineness of fourteen, being mixed
with some gold of the fineness of sixteen, the degree
of purity of the mixture, my friend, is twelve. How
many mdshas are there of the fineness of sixteen ?

Statement : 10 14 16. Fineness of the mixture 12,

3 1

Answer : mdsha 1.

[Let & denote the number of mdshas required.
The, (3+1+2)X 12=3x 104+1X 1442 16 ;

. wﬁ(B—l»l) X12 -(3x10+1x14)
" 16 ~12 ’
whence the rale in § 106.]

108. Rule’ Subtract the effected fineness from
that of the gold of a higher degree of touch, and that
of the one of lower touch from the effected fineness ;
the differences, multiplied by an arbitrarily assumed
number, will be the weights of gold of the lower and
higher degrees of purity respectively.

109. Example. Two ingots of gold, of the touch
of sixteen and ten respectively, being mixed together,

* To find the weight of a parcel of known fineness, but nnknown weight,
mixed with other parcels of known weight and fneness.—Gan.

¥ To find the weight of two poreels of given fineness sad uuknown
weight.—~Gan, wud Str, The problem is an indeterminate one, as is intinsted
by the author,
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the gold became of the finemess of twelve, Tell me,
friend, the weight of gold in both lumps.
Statement : 16, 10. Fineness resulting 12,

Putting one, and proceeding as directed, the weights
of gold are found, mdshas 2 and 4. Assuming two,
they are 4 and 8. Taking half, they come out I and 2.
Thus, manifold answers are obtained by varying the
assumption.

[Let # and y be the weights required.

Them, a X 16 +yx 10= (2 + y) x 12;

A (16-12) e = (12-10) X y;
z _13-10
- "y*" = 1‘6‘_“—12“ ]
b w=(12 = 10) b y = (16~12) £,
where k is any positive quantity.

The general solution in positive integers evidently is, » =
k, y = 2k, where £ is any positive integer.

The reason for the rule in § 108 is obvious.]

SecTION VI

PERMUTATIONS AND COMBINATIONS,

110—112. Rule': three stanzas.

Let the figures from one upwards, differing by one,
put in the inverse order, be divided by the same (arith-
meticals) in direct order ; and let the subsequent be
multiplied by the preceding, and the next following
by the foregoing (result). The several results are the
changes, ones, twos, threes, &c® This is termed a

! To find tho possible permutations of long and short syllables in prosody ;
combivations of ingredients in pharmacy ; variations of notes, &o., in musie :
8¢ well an changes in olher instances, —@an,

* Acoording to Ganesu, there is no demonstrstion of the rule, besides
uacteptation and experisnce. [This, however, is not vorrect, —Ed.]
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general rule? It serves in prosody, for those versed
therein, to find the variations of metre ; in the arig (as
in architecture) to compute the changes upon apertures
(of a building); and (in music) the scheme of musi.
cal permutations’; in medicine, the combinations of
different savours. For fear of prolixity, this is not
(fully) set forth,

[The reason for the rule will appear from the solution of the
example which follows.]

113. A single example in prosody. In the per-
wytations of the Gdyatt metre,’ say quickly, friend,
how many the possible changes of the verse are ; and
tell severally, how many the permutations are with
one, {two, three,) &e., long syllables,

Here the verse of the Gdyatri stanza comprises six
syllables. Wherefore, the figures from one to six are
set down, and the statement of them, in direct and

inverse order is f g § i g é - Proceeding as directed,

the results are :—changes with one long syllable, 6 ;
with two, 15 ; with three, 20 ; with four, 15 ; with five,
6 ; with six, 1; with all short, 1. The sum of these
is the whole nnmber of permutations of, the verse, 64,

3 Commentators appesr to interpret thim as a name of the role here
tatght; sddhdrana, or xefdena-clz.Mndogwnitu,-generai rule of prossdian
permutstion, subject to modifiention in particular instances, as in muaie,
where a special method {asddhdrans) must be applied. —Gang, and 84r,

* Klanda-mery, 8 cerbain scheme—Gan. It js mors fully explained by
other covamentators; bus the trauslator is not sufficiently aouversant with
the theory of mneio to understand the rarm distingt! 7.

¥ The Ofyatri metre in sacred prosody is a tripleb comprising twenty-
four sylisbles, as in the famous prayer containing the Brahmanieal oreed,
ealled Qdyatrg [Rigveda, Mandala 8, sdkta 62, ik 10.~Hd.] Ses As, Res,
vol. X, p. 463, Butin the prosody of profane poetry, the same rumber of
sylinbles is distributed in tetrastio ; and the yurse consequently eontiias
#if eyllables, (As Res., vol, X, p, 469.3 :

+
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In like manner, setting down the numbers of the
whole fetrastic, in the mode directed, and finding the
changes with one, two, &e., and summing them, the
permutstions of the entire stanza are found,
viz., 16777216,

In the same way may be found the permutations of
all varieties of metre, from Ukthd (which consists of
monosyllabic verses) to Uthriti (the verses of which
contain twenty-six syllables).!

[In the Gdyatri metre, the number of syllsbles is 6. In
finding the number of changes with one long and the
vest five shorf syllables, we have fo find the permutations

of 6 things taken all at a time, when one of them is of one
kind, and the rest, of another kind. Hence the number of

&
changes = ’g"f"{:']*"s"“’ which is precisely the number of combi-

nations of 6 things taken 1 at a time. Similarly, in finding the
number of changes with two long, and therefore the rest Jour

8
short, we gef the number ngL—T{, and so om ; thus finally

the total number of changes==sum of combipations of § things
taken 1, 2, 8, 4, 5, 6, at a time 4 I (with all short syllables)
=(2-1)+ 1= 64
] 6 6 6x3 i
Yol 47 Tx3’
Hence the reason for the rule is clear.
If the aggregate number of changes only is wanted, this
can be found at once from the proposition, wiz., the total num-
ber of combinations of n things taken 1, 2, 3......n at a time
=21 (see Todhunter’s Algebra, art, 515). This proposition
is given in a conerete shape in § 130131,

&e.

' As. Res, vol. X, pp. 468—473,
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Similarly, taking the whole tetrastic, ie, 24 syllables, the
total number of changes = (2%-—1) + 1 (with all ghert eylla-
bles) = 16777216.]

114. Example. In a pleasant, spacious and elegant
edifice, with eight doors, constructed by a skilful archi.
tect, as a palace for the lord of the land, tell me the
permutations of apertures taken one, two, three, &e?
Say, mathematician, how many are the combinations
in one composition, with ingredients of six different
tastes, sweet, pungent, astringent, sour, salt and bitter,?
taking them by ones, twos, threes, &e.

Statement, first example:

87654321

123453678

Answer : the number of ways in which the doops
may be opened by ones, twos, threes, &c., is 8, 28, 56,
70, 56, 28, 8, 1, respectively. And the changes on the
apertures of the octagonal palace* amount to 255,

Statement, second example :

654321

128456°

Answer : the number of various preparations with
ingredients of divers tastes is 6, 15, 20, 15, 6, L.*

{In the first example, the total number of variationse9
~1=235, The case of all the windows being shut is not taken

Y Aldshéd, apexturs for the admission of air; a deor or window; (ssime
with gardisha. —Gan.) A portieo or terrace, (bhimi-visesha.—Fang, and
Bdr.)

* The variations of one window or portico open (or terrace unroofed)
and the rest closed ; two open, and the rest ahut ; and so forth,

¥ Amara-kosha, swarga-varga, 147,

! An octagonal building, with eight doars or windaws or poriicos or ter-
races fncing the eight cazdinal points of the horizon, is meant —Gsa.

+ Total nnmber of possible combinations is 63.—Gang, P
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into account ; otherwise the total number of varfations wounld
be 258.

The second example from its very nature is a case of combi-
pations and not of permutations, é.e., we have to find the num-
ber of combinations of 6 things taken 1, 2......6 &t a time.
The rule in §110—112, however, equally applies, as has been
explained above. The total number of combinations in this
case=20—1=63.]

B.M 9



CHAPTER V.
PROGRESSIONS

SECTION 1.
AritEMETICAL PROGRESSION.

115. Rule’ Half the period® multiplied by the
period added to unity, is the sum of the arithmeticals
one, &c., and is named their addition.* This, being
multiplied by the period added to two, and being divid-
ed by three, is the aggregate of the additions,®

¥ §redhi, 5 term employed by the clder anthors for any set of distinet sghs.
bances or other things pus fogether—Gan, It signifies sequence or progres.
sion, Sredhf-vyneahdra, ascertainment or determination of progressicns,

* Tofind the sums of the arithmeticals, Gan, .

! Pada, the place.~Gax, Any one of the fignres ar digits, being that of
which the sum is vequired,—8dr. The lust of the nombers to be sammed,—,
Huno, See below, note to §119,

* Sanialita, the first sum or addition of aritbmetioals. Sunkelitaitya,
rggregate of additions, summed sams or second sum. ;

* The first fignre is unity. The sum of that and the period being halved,
is the middle figure. As the figures decresse behind it, 80 they increass
before it: wherefore the middle figure, multiplied by the period, iz the sum .
of the figures one, &o., continued to the period. The only proof of the xule
for the aggregate of sums is acceptation—Gan, {This 1ast remark is not -
correes. The proof of the formula for the sum of the first # arithmetioals
given by Ganesa does not apply where « is even, but requires to be modis
fied, In that csse, the sum of any two terms equidistant from the first
and lost =n41; whenoe the sum of  terms evidently=? (n41)—Ed] It
is & maxinl, that & number multiplied by the next following-arith metical,
and halved, gives the sum of the preceding ; wherefore, &e.—Sdr, Kamals.
kara s quoted by Ranganstha for a demonsteation gronnded on placing the
numbers of the series in the reversed order under the direct ome and
adding the two series—[the same proof as that given in modern works on ;
Algebra. - B4,

L
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of the additions,” the anthor evidently means the sum of » terms
of the series whose nth term is 4 n (n+1), in other words, the
sum of n trigngular numbers. This sum is } n (n+1) (n+2)

ﬂn(n;l}. 9-3%-—2 See Todhunter’s Algebra, Art. 666. The
reason for the rule is obvious.] _

116. Example. Tell me quickly, mathematician,
the sums of the several (progressions of) numbers one,
&c., continued to nine ; and the summed sums of those
numbers.

Statement : arithmeticals : 1 23456 78 9.

Answer :sums: 1 3 6 10 15 21 28 36 435,

Summed sums : 1 4 10 20 35 56 84 120 165.

117. Rule! Twice the period added to one and
divided by three, being maltiplied by the sum (of the
arithmeticals), is the sum of the squares. The sum
of the cubes of the numbers one, &c., is pronounced
by the ancients equal to the square of the addition.

(124974 ...... +nemﬁ...(.ﬁi'3g)_ﬂ__m’1’“)

_n(ntl) Intl
I

sy o dnd =={n—£1;-1-2} . Sea Todhupter’s Al-
gebra, Arts, 460, 461.]

118, Esxample. Tell promptly the sum of the
squares, and the sum of the cabes, of those numbers,
if thy mind be conversant with the way of summation.

Statement : 1 23456 78 9.
Answer : sum of squares, 285. Sum of cubes, 2025,

' To find the sums of squares and of cubes,—Gan, and Sur,
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119. Rule! The increase multiplied by the period
less one, and added to the first quantity, is the amount
of the last.’ That, added to the first, and halved, is
the amount of the mean ; which multiplied by the
period is the amount of the whole, and is denominated
(garita) the computed sum,

[Consider the series a, a<-b, a+2b......The nth term=g-

(a=Db. T be odd, middle torm =" th torm=

WE“'E‘?—I) b. If n be even, there will be two middle terms,

viz., -g th and n_—é—_?_ th terms, and the mean amount = average of

these two ferms ==% th term + % of common difference
=g+ ( g... I.) b-+3b= —z-ii-—(—;—:j-)f. And the sum of » terms

-7 {2a.+ (n=1) b}.

Thus the rule holds good whether » be odd or even. The
author does not notice that the first part of the rule in § 115 s
only a particular case of the present rule.]

120. Exzample. A person, having given four dram-
mas to priests on the first day, proceeded, my friend,
to distribute daily alms at = rate increasing by five 2

! Where the incresse is arbitrary.—Gang. In smch eases, to find the last
term, mean amonnt, and sum of the progression.—Sdr., From firss term,
common difference and period, to find the whole amount, &e.~-Gan,

* 4di sud mukha, vadana, vakirs, and other synonyms of face—the int.
tial guantity of the progression, the first berm : {that, from which 28 an
origin the sequence commences.—Bir,)

Chaya, prachaya or uttarg—the more (adhika-Bdr.) or angment (oriddhi
~Gang.) by which sach term inoreases, the common difference. .4datya,
the last term. Madhya, the middle term. Pads or gackehha, the period,
the number of terms : (30 many days as the sequence reaches. —8dr,) Sarpa-
dhana, sredki-phals or ganita—the amount of the whole, the enm of the
progression. ‘It is called ganits, beoause it is found by computation
{ganand),—Gan,
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day. Say quickly how many were given by him in half
a month.

Statement : initial quantity 4 ; com. diff. 5; period 15.

Here, first term 4, Middle term 39. Last term 74.
Sum 585,

121. Another example The initial term being
seven, the increase five, and the period eight, tell me
what the magnitudes of the middle and last terms are,
and what the total sum is,

Statement : first term 7 ; com. diff. 5 ; period 8.

Answer :mean amount 4. Lastterm 42. Sum 196.

Here, the period consisting of an evenw number of .
days, there is no middle day ; wherefore half the sum
of the days preceding and following the mean place,
must be taken for the mean amount:and the rule is
thus proved.

[See note to § 119.]

122. Rule’: half a stanza. The sum of the pro-
gression being divided by the period, and half the com-
mon difference muitiplied by one less than the number
of terms, being subtracted, the remainder is the initial
quantity.?

[s=3{2a+G—1 } =n{a+5} } Lrh,,
whence the rule.]

123. Example. We know the sum of the progres-
sion, one hundred and five ; the namber of terms, seven ;
the increase, three ; tell us, dear boy, the initial quantity.

! To exhibit an instance of an even number of terms, where there can
consequently be no middle term (bub & mean amount). —Gan.

* The differencs, period and sum being given, to find tha first term,—-Gan,
and Bdr,

* The rule Is the converse of the preceding.—Gan. snd Sdr.
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Statement : com. diff. 3 ; period 7 ; sum 103,

Answer : first term, 6.

Rule'; half a stanza.* The sum being divided by the
period, and the first term subtracted from the quotient,
the remainder, divided by half of one less than the
number of terms, will be the common difference s

-1 ~1
[3__:”{@4.”._?.“5} 3o {;:ua} -l 5 =b whencetheraie.}

124, Example. On an expedition to seize hig ene.
wy's elephants, a king marched two yojanas the first
day. Say, intelligent caleulator, with what increagiy
rate of daily march he proceeded, he reaching his foe's
city, a distance of eighty yojanas, in a week.

Statement : first term 2 ; period 7 ; sum 80.

Answer : com. diff, 32,

125. Rule.* From the sum of the progression mul.
tiplied by twice the common increase, and added to the
square of the difference between the first term and half
that increase, the square root being extracted, this root
less the first term and added to the ( above-mentioned)
portion of the increase, being divided by the increase,
is pronounced”® to be the period.

[ The translation is rather obsoure. A clearer rendering wonld
be as follows :—*The sum of the progression multiplied by
twice the common inerease, being added to the sqaare of the

"The first term, period and sum being knowa, te find the common differ-
ence which is uaknown,—Gan,

*Becond half of one, the firat half of which contained the preceding
rule, § 122,

* This rale nlso is converse of the foregoing.—Gan.

The firat term, common difference and sum being known, to find the
period whick is wnknown.—Gan.

¥ By Brahmagupts sad the rest.—Can,

The rules sre substantially the same ; the square being complated for the
solution of the quadralic eymation in the manner taught by Szidhare {cited
in Vija-ganita, §131) and by Brahmsgupta,
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difference between the first term and half that increase, the
square roob of the result is extracted ; this root less, &o.”

We have s=»g{ 2q + (n—l)b} ;
b-2azt o/{ (2a~bP+8sh p
25

(Todhunter’s Algebra, Art. 454)

:% g-—a:.*:. 1/{(4_ .g)?.;. 2sh }, whence the rule,

the upper sign only being taken by the author. He does not
discuss the meaning of the two values of n.]

126. Example. A person gave three drammas on
the first day, and continued to distribute alms increas-
ing by two (a day) ; aud he thus bestowed on the priests
three hundred and sixty drammas : say quickly in how
many days.

Statement : first term 3 ; com. diff. 2 ; sum 360.

Answer : period 18.

whence n—=

Secrrox I,
GeoMETRICAL PROGRESSION.

127. Rule': a couplet and a half.  The period being
an uneven number, subtract one, and note ‘ multiplica-
tor’; being an even one, halve it, and note ¢square,’
until the period be exhausted. Then the produce aris-
tng from multiplication and squaring (of the common
multiplier) in the inverse order from the last,® being
lessened by one, the remainder divided by the common

"To find the sum. of & progression, the inorease being a muitiplier. — Gan.
In other words, to find the sum of an increasing peometrical progression,

% The leat note is of course ‘ multiplicator,’ For in exhauativg the num.
ber of the period (when odd) you arrive ab laet at unity, an uneven number,
The proposed multiplier (the common multipticstor of the progression) is
therefore pat in the last place; and the operations of sguaring and multi.

plyiog by it axe continued in the inverse order of the lins of the notes,
Gan.
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multiplier less one, and multiplied by the initial quan-
tity, will be the sum of a progression increasing by a
common multiplier.

[Let o denote the first term and # the common ratio. Then,
a+ar—§~.........+ar“"’ma—%§:}]fl. The first part of the mle

is clumsily and obscurely stated. It is diffieult to make ouf
what the author means. He wants us to find #. Now if is
even and therefore of the form 2m, we can find » by first squar-
ing v, then squaring the square, and S0 on m times. If » is
odd and therefore of the form 2m-+-1, we can find = by first
finding +** as before, and then multiplying the result by »
This is probably what the anthor means by the words multiply.
ing and squaring. See the explanation of Glanesa in the fogh
notes. |

128. Example. A person gave a mendicant a couple
of cowry shells first, and promised a twofold incresse
of the alms daily. How many nishhas did he give in
a month ?

Statement : first term, 2 ; incressing multiplier, 2 ;
period, 30.

Answer : 2147483646 cowries ; or 104857 nishkas,
9 drammas, 9 panas, 2 kékinis, and 6 shells.

'129. Example. Theinitial quantity being two, my
friend ; the daily augmentation, s threefold incresse ;
and the period, seven ; say what the sum in this case s,

' The effect of squaring and multiplying, as direated, is the same ss the
continued multiplication of the mattiplier for as many times as the num.
ber of the period. For dividing by the multiplier the produet of the multi.
plication continned to the uneven namber, equals the product of multiph.
cation continued 0 one less than the namber; and the exiraction of the
equate root of a product of mulkiplication continned to the aven number,
equals eontinned multiplioation to half ghat oumber. Jonversely, squaring

and multiplying equals multiplication for double and for one more time,—
Gan,



(73 )

Statement : first term, 2 ; increasing maultiplier, 3 ;
peried, 7.

Answer : sum, 21886,

180—131. Rule  acouplet and ahalf. The num-
ber of syllables in a verse being taken for the period,
and the increase twofold, the produce of multiplication
and squaring (as above directed, § 127) will be the
nursber (of variations) of like verses® Its square, and
square’s square, less their respective roots, will be (the
variations) of alternately similar and of dissimilar verses
(in tetrastics).?

[The rule refers specially to the esample in § 182. It ig a
statement in a concrete shape of the following proposition -
The total number of combinations of n things taken, 1, 2 .., 5
ata time=2"-1. (See note to § 113),]

132, Esample. Tell me directly the number (of

! Incidentally introduced in this place, showing a compubation serviceable
in prosody.—8dr. and Mano, To enlcnlate the varistions of verse, which
ar also found by the sum of permutations {§113).—Gan.

?8anskrit prosody distinguishes metre in which the four verses of the
ptanza are alike, or the alternate ones only so, or all four dissimilar, Asiat,
Res., Vol, X, syn. fab., v, vi and vii,

! The number of possible varieties of verse found by the rule of per.
mubation (§113) is the same as the continmed multiplication of two: thig
nomber being taker, beennse the varieties of syllables are so many, long
and short.  Accordingly this is aseumed for tha ecommon multipiier. The
product of its comtinued multiplication is 4o be found by this method of
squaring snd multipiying (§127) ; seenming for the period s number equsl
to that of syllables in the verse ‘The varietiss of similar verses are the
same as those of one verse containing twice ae many syliables ; and the
changes in the four verses are the same as those of one verse corpprising
four times as mang syllables, excepting, however, that these permutationa
embracing all the possible varieties, coraprehend those of lks and half.
slike metre. Wherefore the number first fonnd is squared, and this agsin
squared, corresponding fo twice or four times the number of places ;
sné the roots of these squares are subtracted [for obtaining the varieties
of alternately like avd dissimilar vorses respectively, --Ed. | —Gan,

1o
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varieties) of like, alternately like, and dissimblar verses
respectively, in the metre named anushfubh.!
Statement : incressing multiplier, 2 ; period, 8.
Answer : variations of like verses, 256 ; of alternately

alike verses, 65280 ; of dissimilar verses, 4294901760,

{The total number of syllables in the four charanas of the
anushtubh metre being 32 (8 fo each ¢harana), the possible varie-
ties of arrangements of long and short syllables in the metrs
are 2%=4204967206. (See note to § 113). These evidently
include cases of (a) all like, and (b) alternately like charanas.
To find the number of these cases, we find the nomber of varie.
ties of the syllables in #wo charanas ; which number is 2% o
65536. It is clear that if we place esch one of these varie.
tios under itself, we shall get all the cases included in (o)
and (5). Hence the total number of cases in (¢) and (4)is
65536. Of these the number of cases in (z) clearly is the num-
ber of varieties that may occur in one charana = 28256, (Con.
sequently the pumber of cases in () is 65536 — 256 or 85280,
Subtracting 63536 from 4204967206 we get 4294901760,
which is considered as the mumber of dissimilar verses or
charanas. It is to be observed, however, that these last include
cases in which the first two charanas are like, as also the last
two ; or cases in which the first two are like, but the last two

unlike ; and so forth, These cases are not separately con-
sidered. ]

1 Agiat, Res., Vob X, p. 438 ; syn. tab., p. 469,



CHAPTER VI
PLANE FIGURE!
133, Rule. Aside® is assumed, The otherside in

\ Kehetra-vyavahdra, determination of plane figure, Kehetra, as ex-
pounded by Ganess, gignifies plane surface bounded by lines, straighs or
curved ; ae triangle, ko, Fyatahdre is the ascertainment of its dimen.
gions, as dizgonal, perpendicnlar, aren.&e.  Ganesa says plane figure is fonr-
fold : triangle, quadrangle, circle and bow. Triangle (tryasra, trikena or
tribhuja) is & figure containiag (¢rd) three (gara or Fona) angles, and consist-
ing of as many {dhuja) sides. Quadrangle or tebragon (ehaturasra, ohatush~
kona, craturblufa), is & figure comprising {ehatur) four { asre, &e.) angles
or gides. The circle and bow, he cbasrves, need ro definition. Triangle ia
gither (jdiya) right-angled, as that which is first trented of in the text ; or
it is (frébhuje) trilateral (and obllgue) like the fruit of the sriagdia (Trapa
natans). This sgain isdistingnished according as the (lanbda) perpendicular
falle within or without the Bgure: viz., antarlamba, ncute-angled ; dakir-
lamba, obtuse-nngled. Quadrangle alsois in the first place twofold : with
equal, or with unequal, diagenala. [This is not & proper claseification.—Bd.]
The first of these, or equidiagonal tetragon (sama-karnae), comprises four
distinotions : lst, sema-chaturbliyja~ gquilateral, a square; 24, wishama-
chaturbhuja, a trapezinm ; 34, dyata-dirgha.chaturasra, an oblique paratle-
logram ; [thisis not correct; for a patallelopram with equsl diagonals must
he either a rectangle or a square, so that this 3d. cannot be & distinet
species. —Bd.] ; dth. dyota.samalanba, oblong with egual perpendicuiars,
i.s., & rectangle. The second sort of guadrangle, or the tetragon with un-
equal diagovals {vishamakarna), embraces six sorts : Ish sama-chaturbhuyga,
equilateral, a rhombna; 2d. sama-tribiwja, having three equal sides; 3d.
soma-dei-dwi-bhuja, consisting of two pairs of equal sides, a rhomboid;
4th sema.dwi-bhuja, having twosgual sides; 5tb, vishama-chaturblyja, com-
poted of four unequal sides, s trapezium ; 6th. soma-lamba, having equal
perpendiculars, a trapezoid.  The several sorta of figures, obeserves the com-
mentator, are fourieen ; the cirole and bow being but of one kind each. He
adds, that pentagons (panchdsra), &e. somprize triangles (and are reducible
$o them).

* Bdhu, dosh, bhyja, and other synonyms of arm are used for the leg
of & triangle, or side of 2 quadrangle or polygon ; so called, as resembling:
the human srm. —Can. and Sdr.
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the rival direction is called the upright,! whether in
a triangle or tetragon, by persons conversant with the
subjeet.

134. The square root of the sum of the squares of
those legs is the diagonal’ The square root, extracted
from the difference of the squares of the diagonal and
side, is the upright ; and that, extracted from the differ-
ence of the squares of the diagonal and upright, is the
side®

{ Buclid I. 47.)

135 Twice the product of two quantities, added
to the square of their difference, will be the sum of their
squares. The product of their sum and difference will
be the difference of their squares : as must be every-
where understood by the intelligent calculator.’

! Fither leg being selected to retmin this appellation, the ofhers owe
distingnished by differsnt names. That which procesds in the opposite
direction, meaning at right angles, is called heti, wehehhrdya, uehohhrits,
or any other term aignifying upright or alevated, Both are alike sidesof
the triangle or of the tebragon, differivg only in assumed situation and
nsme.—Gan. and Sir,

* Athread or oblique line from the two extremities of the legs, joining
them, is the karna, aiso termed sruti, sravena, on mny other word sigitify-
ing ear, It in the diagonal of a tetragon—8ir., Rang., &o. Or, in the sase
of » trisngle, it is the diagonal of the parallelogram, whereof the triangle
is the half: and is the hypotenuse of a right-angled triangle,

* The rule comcerme (jdtys) right-angled friangles. The proof i
given both algebraically and geometrically by Ganesa (upapatii sryakte.
kriyayd, proof by algebrn ; kshetragaropapuiti, geomesrical demonatration);
ond the algebralosl proof is also given by 8dryadisa. Bangan#iba cites one
of those demonstrations from his brother Kamaldkara, and the other from
his father Nrisinka, in the Vdrtike, or oritical remarks on the (Vdsand)
annotations of the Siremani; and censures the Sringdra-tilake for denying
sny proof of the rnle besides experience. Bhdsksra has himeelf given a
demonstration of the yuls in his Vija-ganita,§ 146,

* A stonza of six charanas of anushiubh metre,

* Ganesa bere also rives both an algebraicand a geometrical proof of the
lztter rule ; and un algebraical ove only of the firet, See Vija ganils under
§ 148, whence the latter demonstration is borrowed ; and § 147, where the
first of the roles is given and demonstrated.
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[2ab + (@ = b) = a® b2

(a+b) {a=b)= a%-- 12,
Geometrical proofs of these formule are furnished by Eue. II.
5and 9. The object of introducing them here is to facilitate the

calculations required in § 134.]

136. Example, Where the upright is four and
the side three, what is the hypotenuse? Tell me
also the unpright from the hypotenuse and side; and

the side from the upright and hy-
potenuse. ¢

Staterment : side 3 ; upright 4. . -
Sum of their squares 25. Or, the product of the
sides, doubled, 24 ; square of the difference, 1 ; added
together, 25. The square root of this is the hypotenuse 5.
Difference of the squares 5 and 3
is 16. Or the sum 8 multiplied by 3 \ s
the difference 2, makes 16, Its
square root is the upright 4,

Difference of squares, found as
before, 9. Its square root is the NS
gide 3.

137. Example. Where the side measures three and
a quarter, and the upright, as much; tell me quickly,
mathematician, what the length of the hypotenuse is.

Statement : side 12 ; upright 12, Sum of the squares
388 or 142, Since this has no {as-
signable) root, the hypotenuse is a li

15

surd. A method of finding its sp- #

proximate root follows :— ¥
r3

138. Rule. From the product of numerator and



( 78 )

denominator,’ multiplied by any large square number
assumed, extract the square root : that, divided by the
denominator taken into the root of the multiplier, will
be an approximation.

The square of the above hypotenuse, 1g2 (is pro-.
posed). The product of its numerator and denoming.-
tor is 1352. Multiplied by a myriad (the square of a
hundred) the product is 13520000. Its root is 3677
nearly.” This divided by the denominator taken into
the square root of the multiplier, viz., 800, gives the
approximate root 4433, It is the hypotenuse. So in
every similar instance.

[ Ja_~axb ~axixe

Vb b be )

The object of multiplying the product of numerator and deng-
minator by a large square number (being some power of ten,
as the above process shows), and then taking the square root
approximately is practically to get the square root to a certain
number of decimal places. Bhdskara, however, does not use the
decimal notation which was probably not known in his time, and
expresses the result as a fraction. In the above example, the
result obtained will be found to be correct to two decimal
places.]

189. Rule’ A side is put. From that multiplied
by twice some assumed number, and divided by one less
than the square of the assumed number, an upright is
obtained. This, being set apart, is multiplied by the
arbitrary number, and the side as put is subtracted ;

' I the smed be nob a fraction, unity may be put for the denominator,
and the rale holds good.—Gan,

* The remainder being unnoticed.

! Kither the side or upright being given, to find the other two sides,
Sdr. To find the upright and hypotennss from the side ; or the zide and
hypotenuse from the wpright.Gan. The problem is an indeterminate one,

+ as is intimated by the author.
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the remainder will be the hypotenuse. Such a triangle

is termed right-angled.'
[Let a denote the given side, and » the assamed number.

Then proceeding by the rule, we get 2 for upright, and

‘ﬂ;“"‘" X = a- + for hypotenuse. To venf'y this we have
7

a2+(ﬂ3ﬁ?;)g= (nz_..1)2 {(n‘—’ml)z-;- émz} - E%g;'%ﬁlf

= (a “2’{'1)2. The proof of this rule given by Stryaddsa

-1
shows how these expressions for the upright and hypotenuse are
arrived at, although it is rather difficult to follow it. The quan-
tities 2n, n¥=1, n¥+1 may be taken to represent the nmpright,
side and hypotenuse of a right-angled triangle, because (2r)*
4+ (n? - 1)* = (»% + 1)%. Now consider another right-angled
triangle similar to the above, the side being a. Then, since the
sides of the two triangles are proportional, the upright of the

second triangle will obvicusly be «?;52-%% . Again, as n X up-

right of the first triangle = its side < its hypotenuse, so n X up-
right of ti}e second triangle=its side +its hypotenuse. Thus,
2 an

nX - = ¢ + hypotenuse, whence hypotenuse = n x p

l
-a Thus we see how the expressions are got.]

140. Or a side is put. Its square, divided by an
arbitrary number, is set down in two places: and the
arbitrary number being added and subtracted, and the
sum and difference halved, the results are the hypote-

nuse and upright® Or, in like manner, the side and

{ ! Colebrooke mses the word restangular. Bui the more ususl word in
modern geometry is right-angled.—Ba.}

! Assume any number for the difference bebween the upright and hypote-
nose. The difference of their sguares (which is eqaal to the square of the
given side) being divided by thst sssamed difference, the gquotient iz the
sum of the upright and hypotenuse, For the difference of the sguarea iz
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hypotenuse may be deduced from the upright. Both
resulte are rational quantities.
[Let o denote the given side, and n the assumed number.

2
Then by the rule we bave } (% ~§~n) for hypotenuse, and §

f.s. _n) for upright. To verify this we have a4} (M)z
n e

] 232 * 2 2 2
=4azn3.;_gg-n) = (@ ;;:2) = {‘é ("%"{-n) } . Ganesa
gives an elegant demonstration of this rule, based on the fact
that the assumed number » is thedifference between the hypote-
nuse and upright, as is obviously the case. See foot-note.]

141. Example. The side being in both cases
twelve, tell quickly by both methods, several uprights
and hypotenuses, which shall be rational numbers.

Statement : side 12 ; assumption 2. The side, multi-
plied by twice that, viz., 4, is 48. Divide by the square
of the arbitrary number less one, viz., 3, the quotient
is the upright 16. This upright multiplied by the
assumed number is 32, from which subtract the given
side ; the remainder is the hypotenuse 20.

Assume 3. The upright is 9, and the hypotenuse
15. Or, putting 5, the upright is 5, and the hypote-
nuse 13.

By the second method : the side, as put, 12. Its
square 144. Divide by 2, the arbitrary number being 2,
the quotient is 72. Add and subtract the arbitrary
number, and halve the sum and difference. The hypote-
nuse and upright are found, viz., hypotenuse 37, up-
right 35,

equal to the product of the gum and difference of the roots (§ 135). The
upright and hypotenuse are therefore fomnd by the rale of concurrence
o(§ 85)~—Gax,
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Assame 4. The upright is 16, and the hypotenuse 20.
Assuming 6, the upright is 9, and the hypotenuse 15.!

142. Rule! Twice the hypotenuse taken into an
arbitrary number, being divided by the square of the
arbitrary mhmber added to one, the quotient is the up-
right. This taken apart is to be multiplied by the
number put : the difference between the product and the
hypotenuse is the side.

[Let @ denote the hypotenuse and n the assumed number.

Then, by the rule, the upright is 2 + 1, and the side, _:1 —a
gazg_;i. For (ﬂ?i&) + (a m) =a®, The proof of this
rule given by Stryaddsa is exactly similar to that of the rule
in §139. See note to §139.]

143. Example. The hypotenuse being measured by
eighty-five, say promptly, learned man, what uprights
and sides will be rational.

Statement : hypotenuse 85. This doubled is 170,
and multiplied by an arbitrary number two is 340,
This, divided by the square of the arbitrary number
added to ome, viz., 5, is the upright 68. This upright
multiplied by the srbitrary number makes 136 ; and
subtracting the hypotenuse, the side comes out 51. Or
putting four, the upright will be 40, and the side 785,

144, Rule. Or else the hypotenuse is doubled and
divided by the square of an assumed number added to
one. The hypotenuse less that quotient is the upright.

! In like mansney, if the npright be given 16, its square 256 divided by the
arbitrary number 2 is 128, The arbitrary number, subtracted and added,
msakes 128 and 130 ; which balved give the side 63, and the hypotennse
65.—Gang. and Sdr,

* From the hypotennse given, to find the side smd npright in rational
unmbers.—Gan. The problem is an indetorminate one.

- 11
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The ssme quotient multiplied by the assumed number
is the side.!

The same hypotenuse 85. Putting two, the up-
right and side are 51 and 68. Or, with four, they are
75 and 40,

Here the distinetion between side and upright is in
name only, and not essential,

. . 2a nie

[Taking @ and = as in § 142, we get ary=a b for
apright, and g@iﬁii for side, Verification as in § 142, To sgo
how these expressions are arrived at, take 2n, n2~1 and P |
for the side, upright and hypotenuse of a right-angled triangle,
and proceed as in § 139, note.]

145. Rule’ Let twice the product of two assumed
numbers be the upright ; and the difference of their
squares, the side: the sum of their squares will be the
hypotenuse, and a rational number.

{Let a and & be the assumed numbers.

Then 2ab is the upright, and o%—2* the side. The hypote.
nuse i ¢/(2ah)?+(a¥ - 5E)E s o2 112,

Thus the three sides are all rational. Ganesa gives a proof
of this rule after the manner of the Viia-ganita ; but it is very
obscure and cannot be easily followed, ]

146. Example, Tell quickly, friend, three numbers,
none being given, with which as upright, side and hy-
potenuse, a right-angled triangle may be (constructed.)

* This and the preceding rnle are founded ou the same prineiple, differing
only in the oxder of the operntion and names of the sides: the same num-
bers come out for the side and mpright in oue mode, which were found for
the upright and side by the other.

? Having taught the mode of finding & third aide from any two of hypote-
nuse, upright and eide ; and in like manger from one, the other two; the
author now shows a method of finding all three rational (none being given),
~~Gan. The problem i5 an indeterminate one,

Ay
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Let two numbers be put, I and 2. From these, the
side, upright and hypotenuse are found, 4, 3, 5. Or,
putting 2 and 8, the side, upright and hypotenuse
deduced from them are, 12, 5, 18. Or let the assumed
numbers be 2 and 4 : from which will result 16, 12, 20.
In like manner, manifold (answers are obtained).

147. Rule! The square of the ground intercepted
between the root and tip is divided by the (length of
the) bambu, and the quotient severally added to, and
subtracted from, the bamba : the moieties (of the sum
and difference) will be the two portions of it represent-
ing hypotenuse and upright.’

[The rule bears reference to the example which follows.

Let & dencte the height of the hamba,

b, the distance between root and tip, and
2 the height at which the bambu is broken.
Then, b= (a-— )2

b2 AN
o m?«!(a*—w)ww i
b* A

ie - ={a—~a)—2
also ¢ = (a— a} +a, identically.
g 2
Hence § (a +g—) =a—z or hypotenuse, and } (a-g_) =% OF

upright, whence the rule. The above proof is the same as that
given by Ganesa. See foot-note.]

'The sum of bypotenmss and npright being known, as also the side, o
diseriminate the hypotenuse and upright.—Gan,

?The height from the root to the fracture is the npright, 'T'he remaining
portion of the bambu is the hypotennse. The whole bamba, therefore, is
the sum of hypotenuse and npright. The groand intercepted between the
root and &ip is the aide: it is equal to the sguare root of the difference
betwoen the squares of the hypobenuee and uypright. Hence the sguare of
the side, divided by the sum of hypotenvse snd upright, is their difference
(§ 185), With these (sum and difercace) the mpright and hypobenuse are
found by the rule of conourrence (§ 85) -—Gaxn.
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148. Example. 1f a bambu, measuring thirty-two
cubits and standing upon level ground, be broken in
one place by the force of the wind, and the tip of it
meet the ground at sixteen cubits : say, mathematician,
at how many cubits from the root it is broken.

Statement. Bamba 32. Interval

between the root and tip of the 20
bambu, 16. It is the side of the

. . a
triangle.  Proceeding as directed, o &

the upper and lower portions of the
bambu are found to be 20 and 12.

149, Rule The square (of the height) of the
pillar is divided by the distance of the snake from his
hole ; the quotient is to be subtracted from that dis
tance. The meeting of the snake and peacock is from
the snake’s hole half the remainder, in cubits.

18

150. Example. A snake’s hole is at the foot of g
pillar, nine cabits high, and a, peacock is perched on its
summit.  Seeing a snake at the distance of thrice the
pilar gliding towards his hole, he pounces obliquely
upon him. Say quickly at how many cubits from the
snake's hole they meet, both proceeding an equal
distance.

Statement. Pillar 9. It is the up-
right. Distance of the snake from
his hole, 27. It is the sum of 9 1
hypotenuse and side. Proceeding i

'The sum of the side und hypotennse being known, as also the upright,
to discriminate the hypotenuse and side—Gan, The rule bears refersnce fo

khe example which follows. The peinciple is the same as that of the
preceding role,
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as directed, the distance between the hole and the place
of meeting is found to be 12 cubits.

[The principle of the rule in § 149 is, as Colebrocke observes,
and 2s is also evident from the example in §150, the same as
that of the rule in § 147, The peacock is supposed mnot tfo
change his direction, and to pounce in such a direction {;hat.a th.e
distance traversed by him being the hypotenuse of a right-
angled triangle, is equal to the distance traversed by the snake.
Practically, however, such a thing does not happen ; butlthe
bird of prey changes its direction at every instant, and &e§cmbes
s curved path known as the curve of pursait. Sec Tait and
Steele’s Dynamics of a Particle, Art. 33.

Let o denote the distance of the snake from the hole, & the
height of the pillar, and & the distance reguired. »

Then, b?=(a--z)?—a% whence as in § 147, v=4} (a“Z)'
Hence tho rule.]

151, Rule? The quotient of the square of the side
divided by the difference between the hypotenuse and
apright is twice set down ; and the difference is sub-
tracted from the quotient (in one place) and added to
it (in the other). The moieties (of the remasinder and
sum) are in their order the upright and hypotenuse.?

This* is to be generally applied by the intelligent
mathematician.

! Subbracted from the sum of hypotenuse and side, this leaves 15 for the
hypotenuse. The snalke had procesded the same distance of 18 onbits two-
wards his hole, as the peacock in pouncing upon him. Their progress is
therefore egual.—Sdr,

*The difference between the hypotenuse snd mpright being kunown, as
algo the side, to fad the upright and hypotennse.~Gan.

*The demonstration, distinetly set forth under a preceding rule, is
applicable to this.—Gan.

* Beginning from the instance of the broken bambu (§ 147) and including
what follows.—~Fan,
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[The demonstration of the rule in §147 applies to this rule
a3 Glanesa observes.

Yot a denocte the difference between
hypotenuse and upright, b the side, and =
the upright.

Then, b%=(a-2)*—2% whence as in

2 2
§147,0=3(5—a), md a+a= (7 +a).
Hence the rule.]

152. Friend, the space between the lotus (as it
stood) and the spot where it submerged, is the side,
The lotus as seen (above water) is the difference
between the hypotenuse and upright. The stalk is
the upright, for the depth of water is measured by i,
Say, what the depth of the water is."

153. Example’ In a certain lake swarming with
ruddy geese® and cranes, the tip of a bud of lotus was
seen a span above the surface of the water. Forced by
the wind it gradually advanced, and was submerged at
the distance of two cubits. Compute quickly, mathe-
matician, the depth of the water.

Statement. Diff. of hypotenuse 3.2
and upright, } cubit. Side 2 cubits. ; !
Proceeding as directed, the upright e S
is found 2. Tt is the depth of the

water. Adding to it the height of the bud, the hypo-
tenuse comes out LL.

* The sides constituting the fgure in the example which follows, are
here seb forth, o assist the apprehension of the sbudent.—Sde, sud Gan.

*{This example is inserted in Bornard Bmith's Arithmetio, Appendix,
p- 300~ED.]

3 Anas Casares,
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Lot O be the root of the lotns, 4 its A
tip, and C the point on the surface of the
water where it is submerged. Then, B
while it advances by the force of the
wind, O remsins fixed, and the lotus de-
seribes an arc of a circle, of which O is 4
the centre, and OA the radins. Hence
0C=0A. Then, as the author himself explains in § 152,
the solution will follow from the method of § 151, where we
have only to substitute § for o, and 2 for 5.]

154. Rule’ The height of thetree multiplied by its
distance from the pond, is divided by twice the height
of the tree added to the space between the tree and the
pond : the quotient will be the measure of the leap.

[The rule refers o the example which follows.

Let U be the top of the tree, and B c
the position of the pond. The first apeis
supposed to descend from D to 4,and 2
then to go from 4 to B; while the a
second ape is supposed to jump vertically
upwards from D to C, and then to leap D
direotly from Cto B, Now let AD=q,

AB=b, and CD =z, which is required. Then by the question,
we have z+4/(ata)+bima-tb ;
o (642 4= (@ +B)2=2 (a+B) ata?,

whenoe = —2%%*»3—6' Hence the rule.]

155. Example. From atrees hundred cubits high,
an ape descended and went to a pond two hundred
cubits distant : while another ape, vaulting to some
height off the tree, proceeded with velocity diagonally

!The sum of the hypotenuse snd upper portion of the spright being
given, and the lower portion being known, as also the side : to discriminate
the upper portion of the upright from the hypotenuse.—Gan, As in
several preceding instances, a reference to the example is requisite to the
understanding of therule.
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to the same spot. If the space travelléd by them be
equal, tell me quickly, learned man, the height of the
leap, if thou have diligently studied calculation,

Statement. Tree 100 cubits. Distance_ of it from
the pond 200. Proceeding as directed, the height of
the leap comes out 50.

156. Rule! From twice the square of the hypote-
nuse subtract the sum of the upright and side multi.
plied by itself, and extract the square root of the re-
mainder. Set down the sum twice, and let the root be
subtracted in one place and added in the other. The
moieties will be measures of the side and upright.’

[Let o denote the sum of side and

upright, and & the hypotenuse. Also let
2 denote the upright. Then we have

evidently, (a—z)f+28=b* 2 ¢
o 2:7:5—2am+a?-b“=w0,
T Gz
whence m==-a'—'“-+“'——1—/%b-~£—'
— 1/ —e
¥ we take the upper sign, then g =2 2252 2 send

! Hypotenuse being known, a8 also the sum of the side and apright, or
their difference ; to discriminate thosp sides.—Gan.

* In like manner, the difference of the side and upright being given, the
ssme rule is applicable.—~Gan. {A slight variation will be necessary ; sca nots
to § 168—Ep.] The principle of the rule is this: the sgnare of the hypote.
nuse is the sum of the squares of the sides, But the sem of the squares
with twice the product of the sides added to it is the square of the snm ; and
with the same subtracted is thesquare of the difference. Hence cancelling
equal quantities affirmative and negative, twice the square of the hypote.
nuse will be the snm of the squares of the sum and difference. Thezefors,
sublracting from twice the square of hypotenuse the sguare of the sum, the
remainder is the squareof the difference ; or conversely, subtracsing the
square of the difference, the residue is the sqmare of the smm. The equare

roct g the sum or difference. With these, the sides are found by the ruleof
eoncunrrence.~Gan. and Sdr,
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if we take the lower sign, then a—z=

a4/ 2t g It i
—— is

evident that we may take either sign. The reason for the rule
{3 obvious. The method of sclving an adfected quadratic equa~
" tion by completing the squaye has. been mentioned before.
. Bee §§63~63. Interesting gemmtricai interpretations of the
expressions for 2z and g =2 are gwen by Ganesa and Siuwyaddsa.
.. Bea fogt-note. 1. - e
157. “Example. W?aere the hypotenuse is seven
shove ten ; and the sum of the side and upright, three
above twenty ; tell them to me, my friend.
Statement : Hypotenuse 17 ; sum of side and up-
right 23. Proceeding as directed, the suie and upright
“pre found 8 and 15.

158, Example! Where the difference of the side
and upright is seven, and hypotenuse is thirteen, say
quickly, eminent mathematician, what the side and up-
right are.

Statement : hypotenuse 13 ; difference of side and up-
right 7. Proceeding as directed, the side and upright
come out 5 and 12.

[Let 2 denote the upright, and @ the
diff. between upright and side, the up-
right being supposed > side. Then z—a
will denote the side; and we evidently 21 \b
have 2*+ (2—a)}?=1?% whence as in §156,
xs@w‘/zbzwwﬂ%—- But here we must -
take the upper sign alone, since £—a is necessarily positive.

2~ G
Thus we have xa_"_/.‘.e.é__gﬁ_i@_, and m__a____m»\/%mﬁ__g___a.

! This example of a case where the difference of the sides is given, is
omitted by Stdryadfsa, but noticed by Ganess. Copies of the text vary:
sowe containing, and others omitting, the instance,

12
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From these values it is clear that the rule in § 156 must be
slightly varied in order to be applicable to the present case, ]

159. Rule! The product of two erect bambung
being divided by their sum, the quotient is the per-
pendicular” from the junction (intersection) of threads
passing reciprocally from the root (of one) to the tip
(of the other). The two bambus, multiplied by an as
sumed base, and divided by their sum, are the portions
of the base on the respective sides of the perpendicalar,

[From similar triangles (see figure) we have

y t]
aty a
z | b

T4y & Y
. 1.1 . ab
-.p(a-l-b)s:l,a.nd .a Pﬁm-

Thas p is independent of » and y, provided a and & be given,
Again, let 24y =1, any assumed number,

Then wcﬁmaia

odhs o

This rule shows that the property of similar triangles was
known, See Bbaskara’s remark at the end of § 160, and the
proof given by Ganesa, cited in the foot-note, which is stightly
different and more cumbrous.]

160. Example. Tell the perpendicular drawn from
the intersection of strings stretched mutually from the
roots to the saummits of two bambus. fifteen and ten
cubits high, standing upon ground of unknown extent.

* Having teught fully the method of fuding the sides in a right-sngled
trisngle, the author next propouxds s special problem.—Gag, To find the
perpendicular, the base being unknown.—Sdr.

* Lambn, avalumba, vulambs, adholamba, the perpendicular,
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Statement : bambus 15, 10. The perpendicular is
found 6.

Next to find
the segments of
the base. Let g5 5 P o
the ground be AL b 6
2 & 4 g7

assumed 5 ; the
segments come out 3 and 2. Or putting 10, they are 6
and 4. Ortaking 15, they are 9 and 6. See the figures.
In every instance the perpendicular is the same,' viz., 6+
The proof is in every case by the rule of three : if
with a side equal to the base, the bambu bethe upright,
then with the segment of the base, what will be the
upright 7%
161, Apborism.’ That figure, though rectilinear,
of which sides are proposed by some presumptuous

! However the base may vary by sssuming a greater or less quantity for
it, the perpendicalsr will always be the same. —Gan.

* On each side of the perpendisular, are segmenta of the base relative to
the grester and smaller bambus, and larger or less analogously to thew,
Henoe this proportion : * If with the snrs of the bambus, this sum of the
segments equal to the entire base be abtained, then, with tha smaller bamba,
what is Bad ! [This proportion cannot be at once oblained aasily, but may
be got by dividing eorresponding membera of the firsf bwo equations in the

note to §159, whence we have g =% and therefore Zib =-;!}-.——-En. 7 The
snawer gives the segment which is relative to the least bambu. Again: “If
with & side equal to the whole base, the higher bambu be the upright, then
with a side equal to the segment found ssabove, what is had ¥ The answer
gives the parpendicular let fall from the intersection of the threads, Here a
multiplicator and & divisor equal fo the entire base are both ocancelled aa
equal and conbrary : and there remaiu the prodnet of the two bambus for
nomerator and their sum for denominator, Hence the rule.—Gan.

? The aphorism explains the natuve of impossible fignres propossd by
dunces.—8dr. Itserves as & definition of plane figure (kshefra),—Gan. In
& trisngle or other plase rectilinear figure, oue side is always less than the
sum of therest. Xf equael, the perpendicular is nought, and there is no
complete figure. IFf greater, the sides do not meeb—Sir. Conbainivg ne
ares, it is no Ggure.~Kaoumudi cited by Rangavitha,
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person, wherein one side’ exceeds or equals the sum of
the other sides, may be known to be no figure,

[This follows from Buclid I. 20. Any side of a triangle or
of any polygon must be less than the sum of the remaining sides,
Honce the numbers 2, 3, 6, 12 cannot represent fhe sides of 3
quadrilateral.}

162. Example. Where sides are proposed two, three,
six and twelve in a quadrilateral, or three, six and nine
in a triangle, by some presumptuous dunce, know it to
be no figure.

Statement. The figures are both incongruous. TLet
straight rods exactly of the lengths of the proposed sides
be placed on the ground, the incongruity will be ap-
parent.!

163—164. Rule’ in two couplets. In atriangle, the
sum of two sides being multiplied by their difference,
is divided by the base*; the quotient is subtracted from,
and added to, the base which is twice set down : and
being halved, the results are segments corresponding to
those sides.’

! The principal or grentest side.—Gan. Kuum. Rang,

?The rods will not meet. —Sdr,

*in any friangle to find the perpendicular, segments and area. Thia is
introductory to a foller consideration of areas,—Gan. and Sdr.

* Bhitmi, bhi, kv, mahi or any other term signifying earth ; the gronnd
or base of a triangle or obther plase figure. Any one of the sides is taken for
$he bese, and the rest are bermed simply sides, Ganess restricts the term 0
the greatest side. 800 note § 168,

Lamba, §¢., the perpendiculnr, See note § 189, Adddbd, abadhd, avabdihs,
segmanf of the bass mads by the perpendicnlar. These are terms introduced
by earlier writers, These segments are internal in an acute-nngled triangle,
but external in an obtuse-angled one. Phala, ganita, hehetraphala, same-
koshtha-miti: the measuré of like compartments, or number of equal squares
of the eame denomination (a3 cubit, fathom, finger, &c.) in which the di.
mension of the side is givan; tha area or superficial content,—Gan. and &,

® The relative or corresponding segwients. The smaller segment answers
to the less side, and the larger to the greater side.—Gan.
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The square root of the difference of the squares of the
side and its own segment of the base becomes the per-
pendicular. Half the base multiplied by the perpendi-
gulart is in & triangle the exact’ area.’

[#-+y is given, as also ¢ and 3.

We bave a?— =% ~3f,

a%— b
&y

Then (z+y) +(2—y) =22,

and (24y)—(2-y)=2y ;

and half of these results give # and y. z

= -

Also perpendicular = 4/a® - 2%
and area = 4 x base X altitade.

1 Or hal? the perpendisuiar tnkea into the base.—Gan,

* Sphuta-phala, distinct or precise ares; opposed to aephute——or sihila-
phala, indistinet or gross area. See § 167,

*Demenstration. In both the right-angled triangles formed in the pro-
posed trinogle, one on each side of the perpendioular, this line is the npright;
the eide is hypotenase, and the corresponding segment is side. Heroe, sub-
tracting the square of the perpendicular from the sguare of the side,the
remsinder is the square of the segment. So, subtiracting the square of the
other side, there rewmains the square of the Segment answering to it, Their
difference ia the difference of the squares of the segments, and is equal to
the diference of the pguares of the sides, sinee an equal guantity has been
faken from each ; for nuy twe quantities less an equal gusntity have the
same difference, It is egual to the prodamct of the sum and difference of the
simple quantities. Therefozs, the sum of the sides multiplied by their difer-
guce is the differenca of the squaves of the segments. But the base iz the
sum of the segmenta, The difference of the squares, divided by thab, is the
difference of the sesments, From which by the rale of concarrence (§55) the
gegments are fonnd.

The squars xook of the difference between the sgnares of the side and seg-
ment (taken as hypotenuse and side) is the npright or perpendicular.

Dividing the triangle by a line across the
middle (of the perpendicular), and placing
the two parta of the npper portion disjoined
by the perpendicular on the two sides of the
lower portion (asin the annexed figure), an
oblong is formed in which the half of the
perpendioztar i3 one side, and the base is the
other. Wherefore half the perpendicular multipltied by the base is the area
or nomber of equal compartments, Or, half the base multiplied by the
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The above is practically the demonstration given by Glaness,
although it is rather long as it is expressed in words.}

165. Example. In a triangular figure in which the
base is fourteen and its sides thirteen and fifteen, tell
quickly the length of the perpendicular, the segments,
and the dimension by like compartments termed ares,

Staternent : base 14; sides
13 and 15. Proceeding as
directed, the segments are s/ 1 \?
found, 5 and 9 ; the perpendi-
cular, 12 ; the area 84. 74

166. Example. In a triangle, wherein the sides
measure ten and seventeen, and the base nine, tell me
promptly, expert mathematician, the segments, perpendi.
cular, and area.

Statement : base 9 ; sides 10 and 17. By the rulein
§163, the quotient found is 21. This cannot be sub-
tracted from the base ; wherefore
the base is subtracted from it.
Half the remainder is the seg-
ment, 6, and is negative, that is
to say, in the contrary direction.!
(8ee figure.) Thus the two segments are found 6 and 13,

perpendicular i justeo much, Inan obtuse-angled triangle also, the bese
malbiplied by half the perpendicnlar is the ares.-Gan,

[The proof given by Sdryadssa Is practically the same as the above, and so
wa omit it hers,~ED,}

! When the perpendicular falls without the base, ss overpassing the angle
in consequenes of the side exceeding the base, the guotient found by the
role in § 163 cannot be taken from the bage ; for both origins of sides nre
sitanted in the same quarter from the fa]] of the perpeudicular. Therefore
ﬂ?btracbing the base from the quotient, haif the residus Is the segment and
sitnated on the contrary sida, being negative, Wheretore, aa both segments
stand on the same side, the smaller is comprehended in $he greater, and, fn
respect of 14, in negative, Thas all g congracus and unexceptionable, —Jan,
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From which, both ways too, the perpendicular comes
out 8. The avea is 36.

[As the commentators observe, the segments of the base
made by the perpen&icalar in an obtuse-angled triangle are ex-
ternal, and their algebraical sum is their arithmetical difference.]

167. Rule! Half the sum of all the sides is set down
‘in four places ; and the sides are severally subtracted.
The remainders being multiplied together, the square
root of the product is the area inexact in the quadri-
lateral, but pronounced exact in the triangle.”

[Let s denote the sermi-perimeter of a triangle. Then area
= /s (s—a) (s—b) (s3—¢). See Todhunter’s Trigonometry,
Art, 247. This rule does not apply to the case of a quadrilateral,
In fact, o quadrilateral in general is not determined by the

When the gum of the segments is to be teken, as they have contrary signs
affirmative and negative, the difference of the quantities is that sgm,...Sr,
8¢ ¥ij-gan. §5.

} For finding the groas aren of & quadrilateral, and, by extension of the rule,
the exnch nrea of a trangle~Gan. For fluding the area by & method deli.
vered by Sridhara—Rang,

% 1§ the three remainders be added together, their sum is egual to half
the sam of all the sides. The prodnot of the coniinued multiplication of
the three remainders being taken inte the sum of those remainders, the
product so obtained is equal to the product of the squars of the perpen.
dioular taken into the sgnare of half the base. [Itis not explained how this
is theoage. The last mentioned products

LRI

jat ; b*«--}(a + b a“) } ) (taking @ asbase, and supposing > ¢, and
32 (¥

applying §163-~164) _—,M.]ﬁ

- 02)2

=y {atbde) (atb—e) (g Bopoo)

(bbc-a) =sb—a) (8-~ )=(s-a)(s~ EYg—e) -0+ 6~ b}s-0)~ED,.]
it is a square quantity; for a sguare multiplied by a square gives s
square. The square xoot being extracted, the product of the perpendi-
cular by half the base is the resuli ; and that is the area of the triangle.
Therefore the true avea 18 thus found. In a quadrilateral, the product of
the multiplication does mot give a square guantity, but an irrational one,
Its approximate root is the aves of the figure ; not, however, the frue one;
for, wher divided by the perpendioular, it should give half the sum of the
base and summit.—8¢r, [The last remark does not hold good valess the
quadrilateral be a trapezium.—Ep.]
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four sides alone without an angle, whereas a triangle is deter.
mined by its three sides. Hence it is incorrect to say that the
expression derived from the above rule represents the £T0SS ares
of a qﬁadrilateral See note to §§169-—170. The proof of the
rule g‘ven by Stéryadisa is not ab all clear. See foou—noted

1687 Example: Ina quadnla.teml figure, of whieh:
the base' is fourteen, the summit’ nine, the flanks.
thirteen Thd twetve, and the perpéndicular swefod-tay ™
the area as it was taught by the ancients,

Statement : hase 14 ; summit 9 ; sides 13 and '12;
perpendicular 12. By the method '
directed, the result obtained is the
surd 19800, of which the approxi-
mate root is somewhat less than
141. That, however, is not in this
figure the true area. But, found by
the method which will be set forth (§ 175), the true
area is 138,

Statement of the triangle before
instanced (§ 165).

By the (present) method the area
comes out the same, viz., 84, 7

15,

169—170. Aphorism eomprised in a stanza and s
half. Since the dingonals of the quadrilateral are
indeterminate, how should the area be in this case
determinate ? The diagonals found as assumed by the
ancients® do not answer in another case. With the

! The greatest of the four sides is cailed the bage —Gan. This definition
is, however, foo restricted. See §§178, 185,

* Mukha, cadana, or any other word denoting mouth; the side opposite to
the base, the sumumit,

* By Sridbara and the rest.—Gan,
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same sides, there are other diagonals ; and the area of
the figure is accordingly manifold.

For, in a quadrilateral, opposite angles being made to
approach, contract their diagonal as they advance in-
wards : while the other angles recedmg outwards leng-
then their diagonal. Therefore it is said that with the
same sides there are other diagonals.

171. How can a person, neither specifying oue of
the perpendiculars, nor either of the diagonals, ask the
rest?? Or how can he demand a determinate area,
while they are indefinite?

172. Sauch a questioner is a blundering devil.?
Still more so 18 he, who answers the question. For
he considers not the indefinite nature of the lines® in a

quadrilateral figure.

[The four sides alone without an angle do not determine the
quadrilateral in general, and the area is consequently indeter-
minate, For, take 4B as one sids ;
and with centre 4 and radias eqnal to (4
another side deseribe a circle ; take B
any powmt D in {he circamference, and
join AD. With D, B as centres and
radii equal to the other two sides,
deseribe eircles cutting each other in / B
C. Join CB, CD. Then 4BCD is the quadrilateral which is
indeterminate, since the angle BAD being not given, the point
D may be taken anywhere in the circumference of the first de-
seribed circle. Hence with the same sides, the diagonals may
vary. Butif the perpendicular from D to the line AB be given,
or if the diagonal BD be given, it is easy to see that the point
D becomes a fixed point in the circumference of the first de-

* The perpendicnlars, diagonala, &ew—=Gan,
* Pisdoha, & demon or vampire ; so termed becanse he blonders.—Bir.
* Of the diagonal and perpendioniar lines.—Sdr.

»
- £3
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soribed circle, and so the quadrilateral is determinate. In the
case of a trapezium, it is easily seen thai the four sides being
given, the distance between fwo paralled sides is known, and so
the figure is determinate, The rale in §167, however, is equal-
iy inapplicable to this case.] ‘

178—175. Rule® in two and a half stanzas. Let
one diagonal of an equilateral tetragon be put as given,
Then subtract its square from four times the square of
the side. The square root of the remainder is the
measure of the second diagonal.

The product of unequal diagonals multiplied together,
being divided by two, will be the precise area in an
equilateral tetragon. In a2 regular one with equal
diagonals, as also in an oblong,’ the product of the
side and upright will be so.

In any other quadrilateral with equal perpendiculars,
the moiety of the sum of the base and summit, mul-
tiplied by the perpendicular (is the area).

[In an equilateral fetragon, the diago- :
nals bisect each other at right angles. V
Hence (see figure), 2 = 4/b%—a? ; 5
oo 2r=unknown diagonal= , /172 _L,% A

The area of the above figure iz evidently equal to half the
product of the dingonals. The other propositions stated above
are well known glementary geomelrical results, By “a quadri-

lateral with equal perpendiculars,” the author means & trape-
ziam.

! In an equilateral tebragon, one diagens! being given, to fud the second
dizgonal and the area ;also in sn equiperpsandicnlar tetragon {trapesicm) to
find the area-—Gan. Equilsteral tetragons are two-fold : with egual and
with aoequal diagonals, The first rule regards the equilateral tetragon
with nnequal diagonals (the rhombus),-Sdr.

3 Ayata, n ifong quadrilatersl which has paire of equal .eides.-——Gan-
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176. Example.. Mathematician, tell hoth diagonals
and the area of an equilateral quadrangular figure whose
side is the square of five: and the area of it, the
disgonals being equal: also (the area) of an oblong, the
breadth of which is six and length eight.

Statement of the first figure
(thombus). Here, assuming one
diagonal 30, the other is found
40 ; and the area is 600.

Or put one diagonal 14; the
otheris found 48 ; and the area )V&\
is 336, See figure. \l/

Statement of the second figure
(square).

Here, taking the square root of
the sum of the squares (§ 134),

the diagonal comes out as the
surd /1250, alike both ways. The area is 625.

24

25

Statement of the third figure (ob- 4
long). Area 48,

8

177. Ezample. Where the summit is eleven, the
base twice as much as the summit, the flanks thirteen
and twenty, and the perpendicular twelve ; say what
the area will be.

Fid
Statement :

The gross area (§167) is 250, s 12
The true area (§175) is 198.

22
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Or making three portions of the o
figure, and severally finding their
areas, we get 30, 72, 96 (see ,
figure); and summing up we get
for the total area 198 as before.

{The four sides of the trapezium heing given, the perpendi-
cular is necessarily knowmn. ]

178. Another example. Declare the diagonal, per-
pendicular and dimensions of the area, in a figure of
which the summit is fifty-one, the base seventy-five, the
left side sixty-eight, and the other side twice twenty.

179. Aphorism showing the connection of area, per-
pendicular and diagonal. If the perpendicular be known,
the diagonal is so ; if the diagonal be known, the per-
pendicular is so. If they be definite, the area is deter-
minate. For, if the diagonal be indefinite, s0 is the
perpendicular.  Such is the meaning.

179 continued. Rule for finding the perpendicular.?
In the triangle within the quadrilateral, the perpendi-
cular is found as before taught (§163-—164) ; the dia-
gonal and side being sides, and the
base, a base.

Here, to find the perpendicular,
a diagonal proceeding from the o/ |,
extremity of the left side to the

& b
. : . 3
origin of the right one is assumed % e A

to be 77 ; see figure. By this a triangle is constituted
within the quadrilateral. In it that diagonal is one
side, 77 ; theleft side is another, 68 ; the base continues
such, 75. Then, proceeding by the rule (§§163—164),

3 The disgonal being either given or assumed,—Gan.
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the segments are found, 14+ and 233; and the perpendi-
cular, 208,

[The problem given is indeterminate, unless a diagonal, or an
angle, or a perpendicular distance be given. So one diagonal
is supposed to be 77. The process then adopted is the same as
that shown in the note to §§1653—164.]

180. Rule to find the diagonal, when the perpendi-
cular is known.

The square root of the difference of the squares of
the perpendicular and its adjoining side is pronounced
the segment. 'The square of the base less that segment
being added to the square of the perpendicular, the
square root of the sum is the diagonal.

In the above quadrilateral, the perpendicular from
the exiremity of the left side is put 2g8. Hence the
segment is found 14%; and by the rule (§180) the
diagonal comes out 77.

[The reason for the rule is manifest.]

181—182. Rule to find the second diagonal : two
stanzas,

In this figure, first a diagonal is assumed.’ In the
two triangles situated one on each side of the diagonal,
this diagonal is made the base of each ; and the other
sides are given : the perpendiculars and segments® must
be found. Then the square of the difference of two
segments on the same side® being added to the square
of the sum of the perpendiculars, the square root of

t Bither arbitrarily (see §183) or sa given by the conditions of the ques-
tion.—Gan.

% 'The two perpendiculars and the four segments,.—Gan.

* Square of the interval of two segments mensured from the same exbre-
mity,
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the sum of those squares will be the second diagonal
in all tetragons.’

In the same quadrilateral, the length of the diagona]
passing from the extremity of the left side to the origin
of the right one, is put 77. Within the figure cut by
that diagonal line, two triangles are formed, one on esch
gide of the diagonal. Taking D
the diagonal for the base of each,
and the two other sides as given,
the two perpendiculars and the &%
several segments must be found
by the method before taught.
Thus the perpendiculars are4 H % B
found, 24 and 60. Segments of the base made by the
former, 45 and 32 ; those made by the latter, 32 and 43,
Difference of the segments on the same side (that is, so
much of the base as is intercepted between the perpen-
diculars) is 13. Its square 169, Sum of the perpen-
diculars 84. Its square 7036. Sum of the squares
7225. Square root of the sum 85. It is the length of
the second diagonal. So in every like instance.

&0

}In the fignre which is divided by the diagonal line, two friangles are
contained, one on each side of thati line; and their perpendiculars, which
fall one on each gide of the diagonal, are thence found., The difference
betwees two segments on the same side willbe the interval between the
perpendiculars, It is taken nas the wpright of & triangle, Produsing {ses
above figurs) one perpendicular by the addition of the other, (4. e., drawing
04 perpendicular to 4F produced}, the sum {4 &) is made the side of the
triangle. The second diagonal (AC€) is hypotenuse. A trisngle (A&} i
thus formed, From this is deduced, that the square roob of the sum of the
squares of the uprizht (which = 0@ = E¥F = BF w BE) nnd side (which
= A& w AF 4 CE)will be the second dlagonal: and the rule is demons
trated.—Gat.

Xn an equilaters] tetragon, thereis no interval bhetiween the perpendienlars;
and the second disgonal is the sam of the perpendiculars,—Zbid,
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[The reason for the rule will be clear from the explanation
given by (Ganess, cited in the foot-note. In the particular ex-
ample chosen, it happens (see above figure) that JF=FEB,
but this need not always be the case. It also happens from
the values of AB, BC, CA, that the angle ABC is a right
angle.]

183. Rule restricting the arbitrary assumption of a
diagonal : a stanza and a half. The sum of the shortest
pair of sides containing the diagonal being taken asa
base, and the remaining two as the legs (of a triangle),
the perpendicular is to be found : and, in like manner,
with the other diagonal. The diagonal cannot by any
means be longer than the corresponding base, nor
shorter than the perpendicular answering to the other.
Adverting to these limits, an intelligent person may
assume a diagonal.

For a quadrilateral, contracting as the opposite angles
approach, becomes a triangle ; wherein the sum of the
least pair of sides about one angle is the base, and the
other two are taken as the legs. The perpendicular is
found in the manner before taught. Hence the shrink-
ing diagonal cannot by any means be less than the per-
pendicular ; nor the other be greater than the base. It
is so both ways. This, even though it were not men-
tioned, would be readily perceived by the intelligent
student.

[What the anthor intends to say is (see figure to §§ 181-182)
that the disgonal B.D cannot be longer than DC + BC, but
always shorter ; nor can it be shorter than the perpendicular
DH, but always lenger. (Euelid, I. 20 and 19). The first
sentence of the above section is meaningless ; and so also ig the
proof given, wz., “ For a quadrilateral, contracting, &e.”}

184. Rule to find the area: half a stanza. The



( 104 ) AI

sum of the areas of the two triangles on either side of
the diagonal is assuredly’ the area in this figure,

In the figure last specified, the areas of the two
triangles are 924 and 2310. The sum of these is 3234
the area of the tetragon. ’

[The area of the triangle BCD (see figs. to §§ 181-182) is
994, and that of the triangle ABD is 2310.]

185—186. Rule: two stanzas. Making the differ.
ence between the base and summit of a (trapesinm or)
quadrilateral that has equal perpendiculars, the base
(of a triangle), and the sides (its) legs, the segments
of it and the length of the perpendicular are to be
found as for a triangle. From the base of the trape.
zium subtract the segment, and add the square of the
remainder to the square of the perpendicular ; the square
root of the sum will be the diagonal.

In a (trapezium or) quadrilateral that has equal per-
pendiculars, the sum of the base and least flank is
greater than the aggregate of the summit and other flank,

[The rule gives the method of finding the diagonalsof a
trapeziom the sides of which are given. It is demonstrated by
(anesa in the following manner :—

Let the two triangles ’
ABE, DFC be wnitedinto el -
one triangle A'B’CY, their
altitades being equal. Then
the altitude A'E’ of the new
triangle A"B'(" is the alti- Ty
tude of the trapezium, and B X FosEC
the segments B'E', B'C’ will be equal to BE, FC. Hence AC
= AP+ EC=A E*+(BC ~ B E'Y?, which leads to the rule.

It is the true and correct area, contrasted with the gross or inesact ares
of former writers—Gan, and Sdr. ’
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Also, A B +BC>4A'C,

. AB+BE+FC+EF>AD+ DC, (+ AD=EF)
ie, AB+BC  >AD+D C.

AB need not be the *least flank.’]

187—189. Example. The sides measuring fifty-two
and ome less than forty, the summit equal to twenty-
five, and the base sixty, this was given as an example
by former writers for a figure having unequal per-
endiculars ; and definite measures of the diagonals
were stated, fifty-six and sixty-three. Assign to if
other diagonals, and those particularly which apper-
tain to it as a figure with equal perpendiculars.

D
Statement. D

A B A B
Fig. 1. Fe 2.

Here assuming one diagonal 63, the other is found
as before, 56, Or, putting 32 instead of 36 for a dia-
gonal (Fig. 2), the other, found by the process before
shown, comes out in two portions, both surds, 4/621
and 4/2700. The sum of the roots (extracted by ap-
proximation) is the second diagonal 76 §3.

[l Fig. 2, if we drop perpendicalars from B, D on AC, and
find the segments of AC by § 163, we shall find that AC,
BD intersect at right angles, and that 40=30.

Hence BD=B0+D0=4/60% ~30%+ 4/39°—30°
= 4/2700+ /621 ==804/3 +84/60==30 X 1-782... }-8 x 8:307...
=5106..,+24:921... = 76:88... = 76¢% nearly, The root is
approximately extracted in the manner indicated in § 188.]

14
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Aggin, if the above quadrilateral (Fig. 1) be one with
equal perpendiculars, i.e., a trape- g C
zium, (Fig. 3), consider the trian-
gle A'B’D’ (Fig. 4), put to find
the perpendicular DE, and the
segments AE, FB, according to
the rule in §§ 185.-186. Here o thed £ Fi,f' B
segments are found § and 112 D
and the perpendicular, the surd
/28008 of which the root found
by 1pprox1mation is 38832 It
is the equal perpendicular of the
trapezium. AE B

Fig. L

Next to find the sum of the squares of the perpen-
dicular and difference between base and segment, we
have, base of trapezium, 60 ; least segment #; differ-
ence 221; square of the difference 88202, square of the
perpendicular 28046 sum 22§%28 or dividing by the
denominator, 5049. It is the square of one diagonal
(BD). Similarly, the square of the other diagonal
(AC) is 2176. Extracting the roots of these squares
by approximation, the two diagonals come out 7Tl
and 461§.

In the above trapezium, the short side 39 added to
the base 60 makes 99, which is greater than the ag-

gregate of the summit and other flank, 77. Such is
the limitation.

Thus, with the same sides, may be various diagonals
in the tetragon. Yet, though indeterminate, diagonals
have been sought as determinate, by Brahmagupta and
.others. Their rule is as follows :—
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190. Rule! The sums of the products of the sides
about both the diagonals being divided by each other,
multiply the quotients by the sum of the products of
opposite sxdes ; the square roots of the results are the
diagonals in a quadrilateral.

The objection to this mode of finding the diagonals
is its operoseness, as I shall show by proposing a short.
er method.

[The rale applies only to a quadnlateral which can be in-
soribed in a circle. This, however, is not mentioned in the
rule.

Let ABCD be such a quadrilatersl, .E
end lot AB =a, BC=b, CD=g¢

Di=d. )
(ae4-bd) (ad+be)
Then AL%m >ttt Totod s
and BD= (ae+bd) (ab-i—ca!)

ad4+be

(See Todhunter’s Trigonomeiry, Art, 254.) Tlms the reason
for the rule is obvious.

In the gquadrilateral in §§ 187-189, Fig. 1, the sides are so
taken that the diagomals intersect at right angles ; and we
easily find OB =48, O0D=15. Thus cos (ODA)=}i= &,
and cos (OCB)=4%8=+% Hence angle ODd=angle 0CB,
and therefore a circle passes round the quadrilateral. Con-
sequently, the rule in § 190 will apply to this quadrilateral.
It is probable that the rule was derived & posteriori from this
particular instance, and not a priov! from the fact of the quad-
rilateral being inscribable in a cirele. The same quadrilateral is
given as sn example of the rule by Chaturveda Prithidaka
Swami, in his commentary on Brabmagupta’s treatise.]

191—192. Rule: two stanzas. The uprights and

* A conplet oibed from Brahmagupts, XII, 28,
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sides of two assumed right-angled triangles} being
multiplied by the reciprocal hypotenuses, become sideg
(of a quadrilateral) : and in this manner is constituted
a quadrilateral, in which the diagonals are deducible
from the two triangles.” The product of tne uprights
added to the product of the sides is one diagonal ; the
sum of the products of uprights and sides reciprocally
multiplied, is the other’ When this short method
exists, why an operose one was practised by former
writers, we know not.

t Assumed conformably with the rule in §145. An objection, to which
Ganesa adverts and which he endeavours to obviate, is that this shortes
mathod requires sagacity in the selection of mssumed triangles ; wheress
the longer method is adapted to all capacities,

*'Fhis method of consbructing a quadrilaseral is taken from Brahmagupta,
X1, 38.

' A quodrilatersl is divided into four trinngles by its intersecting diago-
nals ; and conversely, by the junction of four triangles, a guadrilateral ig
constitated. For shat purpose, four triangles are assamed in this manner,
Two triangles are first pab in the mode directed (§145), the sides of whiek
are all ratioval. Buch sides, multiplied by any assumed number, will con.
stitite other right-angled triangies, of which also the sides wiil be rationals
By the twofold multiplication of hypotenuse, upright and side of one assumed
triangle by the upright and side of the other, four (right-angled} triangles
are formed, snch that furning and adapting them snd placing the multiples
of the hypoteunases fox sides, a4 quadrilateral is composed, (as shown below),

ti i
; 25 g2 48 60
s HFM N 20&5 k
L \
4 .3_X 75 77 5 3

D __ =5

Here the uprights and sides of the arbi.
trary triangles {the first two on the lefs
side), reciprocally multiplied by the hypo-
tenuses, becomerides of the quadrilateral ;
and heoece the directions of the rule (§181).

In a quadrilateral &0 constituted, it is
apparens that the one diagonal (A is
composed of two parts ; one the prodach of A 40 B

(44
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[This rule is of no importance whatever. It applies only to
quadrilaterals constructed in the artificial manner indicated
by the aunthor, and fully explained by Ganesa ; see foot-note.
It is eurious that the author, while censuring Brahmagupta's
important rule (§190) as operose, entirely forgets that the rale
propounded by himself is comparatively unimporiant and of
very limited application. ]

Assuming two right-angled triangles, multiply the
upright and side of one by the

hypotenuse of the other : the great-
est of the products is taken for the o\
base ; the least for the summit ; and 4] \5

3 5

the other two for the flanks. (See
Fig. 1 in the foot-note.)

the uprights, the obher the product of the sides of the arbitrary triangles,
The other diagonal {8 D) consiats of two parts, vir., the products of the reci-
procal multiplication of uprights and sides. These two portions are bhe pex.
peadiculars, for there is no interval between the points of intersection. 'This
holds, provided the shorbest side be the summit; thelongest, the base; and
the rest, the finnks. Bub if the component triangles
be ctherwise adapted, the summit and 2 flank change D
places, as in the adjoining figurs, Here the two
portions of the Erstdiagonal ag shove found (viz., 39
48 aad 15} do not face, hut are mepatated by an (8
interval, which is equal fo she difference between &2
the two portions (3 and 20) of the other diagonsl, 25
viz, 16, It is the difforence of two segments on
the same side, found by a preceding rule (§§181- A &0 B
182). and is taken for the upright of a trisngle Fig, o
s nlrendy explained {§5181-182, nole); the sum of the two poriions of the
disgonal equal to the two perpendicuiars is made the side. The sguare
root of the sum of the squares of such upright and side is egusl to the
product of the hypofenuses (13 and 8): wherefore the autbor adds, “if the
summit and flank change places, the first diagonsl will be the predact of
the bypotenuses.” (The MBS, have firef, but Bhiskara's text exhibibs second
inatead.)

{This last remark is not elearly explained by the commentator. From the
onlenlated values of 4% and FB (see Fig. 2), weofind thatsin 4BE = ‘zi_f: =

A andoos CBF =D = 2 o %, Henocethe angle ABC s arizht angle

6 5 BB 5
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Here with much labour ( by the former method) the
diagonals are found 63 and 56.

With the same pair of right-angled triangles, the
products of uprights and sides reciprocally multiplie
are 36 and 20 ; the sum of which is one diagonal 56,
The products of uprights multiplied together, and sideg
taken into each other, are 48 and 15 ; their sum is the
other diagonal, 63. Thus they are found with ease.

But if the summit and flank change places, and the
fignre be stated accordingly, the second diagonal will
be the product of the hypotenuses of the two right.
angled triangles, viz,, 65. (See Fig. 2 in the foot-note. )

S

Aod ) AR =5X 12, 8a0d BC = 5 X 5,
S A0 =06 X 13, and the trabh of the remark is obvious. It need
hardly be added that the remark applies only to quadrilatersls constznoted
in the artificial manner indieated by the author.—Bp.]

In like manner, for tha tetragon beforg
inatanced (§178), to find the diagonals, a

15 Ny
prir of rectangular trinngles is put.  Pro-
ceeding as directed, the dlagonals come oug £ 5&
5

77 and 84, (See Fig. 3.)

L

40
!
68 51 &8
40
7y 75
Fig. 8. Fig. 4

In the figure instanced, s transposition of the Aank and summit takes place
(8ee Fig. 4 which corresponda to the tetragon instanced in §178); wherelore
the product of the hypotenuses (5 and 17} of the two right-angled frisngles
will be the second dingonal ; and they thus come out 77 and §5,—~Gan.
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193—194. Example! In a figure in which the
pase is three hundred, the summit a hundred and
twenty-five, the flanks two hundred and sixty and one
hundred and ninety-five, one diagonal two hundred
and eighty and the other three hundred and fifteen, and
the perpendiculars a hundred and eighty-nine and two
hundred and twenty-four, what are the portions of
the perpendiculars and diagonals below the intersections
of them ? and the perpendicular let fall from the inter-
section of the diagonals, with the segments answering
to it ? and the perpendicular of the needle formed by
the prolongation of the flanks until they meet, as well
as the segments corresponding to it ? and the measure
of both the needle’s sides ? All this declare, mathema-
tician, if thou be thoroughly skilled in this (science of *)
plane figure.

Statement. Length of the base j‘-\
300. Summit 125. Flanks 260 and D7 g
195, Diagonals 280 and 315. Per- A&k
pendiculars 189 and 224, A e T B

195—196, Raule: two stanzas. The interval be-
tween the perpendicular and its correspondent flank is
termed the sandhi® or link of that perpendicular. The

I faving thus, from §173 to this place, shown the method of finding the
area, &e¢., in the fourteen sorts of gmadrilaterals, the author now axhibits
another quadrilateral, proposing questions concerning segments produced by
intersection,—Gan, For the ingtruction of the pupil, ke exhibits the figure
oalled (suchi) a needle—Mano.

The problem is baken from Brahmagupta with 2 slight variation ; and this
example differs from bis only in the scals, his numbers being here incrensed
five-fold, Bee Brabmaguptn, XII, 32,

¥ Manoranjang.

! Sandhi, union, aliiance ; connecting liok.

t
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base less the link or segment is called the pétha or com.
plement of the same. The link or segment contiguous
to that portion (of perpendicular or diagonal) whieh is
sought, is twice set down. Multiplied by the other
perpendicular in one instance, and by the diagonal in
the other, and divided (in both instances) by the com-
plement belonging to the other (perpendicular), the
quotients will be the lower portions of the perpendi.
cular and diagonal below the intersection.

Statement. Perpendicular 189. Flank contiguous
to it 195. Segment intercepted between them (found
by §134), 48. It is the link. The second segment ig
252, and is called the complement.

In like manner, the second perpendicular is 224,
The flank contiguous to it, 260. Interval between them,
being the segment called link, 132, Complement 168,

Now to find the lower portion of the first perpendi-
cular 189, Its link 48 separately multiplied by the
other perpendicular 224 and by the diagonal 280, and
divided by the other complement 168, gives guotients
64, the lower portion of the perpendicular, and 80, the
tower portion of the diagonal.

So for the second perpendicular 224, its link 132,
severally multiplied by the other perpendicular 189 and
by the diagonal 315, and divided by the other comple-
ment 252, gives 99 for the lower portion of the per-
pendicular, and 165 for that of the diagonal.

[The object of the rale is to find £G, £4, FH, FB. (Beo
figure, §§193-194).

From similar triangles wo have,

EG CH Gdx CH
m“m\, whence EG = A H

* Pitha, lit. stool. Bere the complement of the segment,
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and %,% whence AE w——g-——-GijC
Similarly for FH and FB,
Hence the reason for the rule is clear. ]

197. Rule to find the perpendicular below the inter-
section of the diagonals.

The perpendiculars multiplied by the base and divid-
ed by the respective complements, are the erect poles ;
from which the perpendicular let fall from the intersec-
tion of the disagonals, as also the segments of the bage,
are to be found as before.!

Statement. Proceeding as directed,
the erect poles are found 225 and 400.
Whence, by a former rule (§159), the
perpendicular below the intersection
of the diagonals is deduced, 144 ; and
the segments of the base 108 and 192.

{The method employed is first to find 4K, BL, the erect
poles or perpendiculars on AB, and then to apply §159 to find

OM. Now from similar triangles we have ﬁg = %’ whence

AKw= GDG)}AB, with & similar value for BL. Henee the rule.]

198—200. Rule to find the perpendicular of the
needle? its legs and the segments of its base : three
stanzas. The proper link multiplied by the other per-
pendicular and divided by its own, is termed the mean;®
and the sam of this and the opposite link is called the
divisor.! Those two quantities, namely, the mean and

! By the role in §159.
* Sioké, moedle; the triangle formed by the flanks of the quadrilatera]

until they maat,
’ Sama, mean ; o fourth proportional to the two perpendiculsrs and the

link or segment,
* Hura, divisor; the emm of the mean and the other link or segment,

B M (g
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the opposite link, being multiplied by the base and
divided by that divisor, will be the respective segments
of the needle’s base. The other perpendicular, multi-
plied by the base and divided by the divisor, will be
the perpendicular of the needle. The flanks, multiplied
by the perpendicular of the needle and divided by their
respective perpendiculars, will be the legs of the needle,
Thus may the subdivision of a plane figure be conduet.
ed by the intelligent, by means of the Rule of Three.

Here the perpendicular being 224, its link is 137,
This multiplied by the other perpen- ¥
dicular, viz., 189, and divided by its
own, viz., 224, gives the mean as it is  p
pamed, 2§:. The sum of this and
the other link 48 is the divisor as it is
called, 2412, Themean and the other 4 GepH B
link severally taken into the base, being divided by this
divisor, give the segments of the needle’s base, 1§38
and 2§§%2. The other perpendicular 189, multiplied by
the base and divided by the same divisor, yields the
perpendicular of the needle, 2948,  The sides 195 and
260, multiplied by the needle’s perpendicular and divid
ed by their own perpendiculars respectively, wviz.,189
and 224, give the legs of the needle, which are the
sides of the quadrilateral produced, viz., £342 and 1930,

Thus in all instances under this head, taking the
divisor for the argument, and making the multiplicand
or multiplicator, as the case may be, the fruit or requi-
sition, the Rule of Three is to be inferred by the intel-
ligent mathematician.

[The object of the rule is to find PA, PB, NP, NA, NB (see
above figure). It is demonstrated by (anesa in the following

4
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manner :—Through D draw D@ pamllel to NB, meeting AB

in Q. Then the triangles AQD and ABXN are similar, and
. AB AN NP PB PA

wo evidently get—m =D =D ﬁm =d (1). Now

GQ HB . . . _HBx DG _
Fe=TH from similar triangles ; thus GQ 7 what

the author calls mear, and consequently AQ or mean4+ AG=

what the aunthor calls divisor. Thus finally, PB= G A)&AB
mean x base GAx AB

from (1) = — o3 and PA= B T from (1} =

opposﬂjiﬁ?j: x baso Again, from (1) g—g ""’%g’ whence NP

, other pergzr;ii;ular X base Lastly,% mg_}{; whence NA

w %%mfvp, and gimilarly for N.B.]

201. Rule! When the diameter of a eircle® is mul-
tiplied by three thousand nine hundred and twenty-
seven and divided by twelve hundred and fifty, the
quotient is the near® circumference : or multiplied by
twenty-two and divided by seven, it is the gross circum-
ference adapted to practice*.

' To deduce the circumference of a circle from its diameber, and the
diameter from the circumference.—Gan.

t Vyitta, vartula, a circle. Vydsa, wishhambdha, vistriti, vistdra, the
brendth or diameter of a circle, Paridhi, parindhe, vritti, nemi {and other
synonyms of the felloe of a wheel), the circumference of a circle.

¥ 84kshma, delicste or fine, nearly precisa; contrasted with stidia, gross,
or somewhat less exach, but suflicient for common purposes.—Gang. and Sfr,

Brahmagupta puts the ratio of the cirenmference to the diameter ag three
to one for the grose value, and takes the sqnave root of ten times the square
of the diameter for the nest value of thecircumference. See Brahma. XIT,
40, [This is more rough even than %* ; for A/T0=+31622..., and 39 ==
3.142857,Ep.]

* As the diameter increases or diminishes, so does the ciroumference in-
erense or diminish : therefore o find the one from the other, make propor-
tion, as the diameter of a known circle is fo the known circumference, so is
the given dinmeter o the ecircumference songht: and conversely, as the
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[Ganesa shows (see foot-note) that if the measure of the dia-
meter of a circle be 1250, that of the side of a regular polygon
of 384 sides inscribed in the circle will be very nearly 3927
(more accurately it will he= 4/98688 X 12-5=38026'625 .. .. D
This shows the degree of approximation of the fraction §34;
to the value of =. Converting the fraction info & decimal we
get 31416, the trae value of « being 314159. .. .]

902. Example. Where the measure of the diame-
ter is seven, friend, tell the measure of the circum.
ference: and where the circumference is twenty-two,
find the diameter.

Statement : diameter 7.

Answer : circumference 213333, or gross circum.
ference 22.

Statement : circumference 22.

Reversing multiplier and divisor, the diameter
comes out 7§}y ; or gross diameter 7.

circumference is to the diameter, 8o is the given circumferance to the diame.
ter sought.

Trurther, the semi-dinmeter is equal to the side of a regular hexagon with.
in the oirele, as wiil be shown. From this the side of a regulnr dodewsgen
may be found in this manner ithe sewi-diameter
being hypotenuse, and half the side of the hexagon, .164
the side, the square roob of the difference of their
squares is the upright; subtracting which from the
semi-giamoter, the remainder is the arrow (or height ]
of the arc). Apain, this arrow being the upright
and half the side of the hexagon, s side, the sguare
root of the sum of their squares is the side of the dodecagon. From this,
in iike manner, may be found the side of a polygon of 24 sides: and so on,
doubling the number of sides in the polygom, until the side be near to the
arc. The sum of such sides will be tha eircumference of the circle nearly,
Thus, the dinmeter baing 100, the side of the dedecagon is the surd Jﬁ;
snd that of a polygon of 384 sides is nearly equal to the are. By computs-
tion it comes out the surd 498683, Now the proportion, if to the syuare
of the dismeter pub ab 100, wviz., 10000, this be the square of the circum-
ference, viz., 98683, then to the square of the assumed diameter 1250, viz,
1569500, what will be the circnmference? Answer : the sguare reot 3937
without remainder.—Gan,
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903, Rule. In a circle, a guarter of the diameter
multiplied by the circumference is the area. That
multiplied by four' is the net all around the ball’
This content of the surface of the sphere, multiplied
by the diameter and divided by six, is the precise solid,
termed cubie, content within the sphere.®

[This rule gives the well-known expressions for the area of a
cirele, and the surface and volame of a sphere. Ganesa gives

sz

1 0r rejecting equal mulbiplier sad divisor, the circumference mualtiplied
by the diaweter is the surface.—Gan,

* Prishtha-phals, superficial content | compared to the net formed by the
giring with which cloth is tied to make s playing ball. Ghane-phala, sclid
conbent: compared 1o a cube, and denominaied from it, cubie,

s Dividing the eircle into two equal
poris, cot the content of each into Q
any aumbar of equal sngular spuces, :] Q ;] ;I ;] ;j :’ q
and expand ib so that the circumfer- M&h
ence may become a sbraight lineasin @
the adjoining figure. Thzn let the
two portions approach so that the angular spaces of the one may enter into
the similar intermediate vacant spaces of the other, asin the figure, thus con.
stitoting an oblong, of which the semi-diameter ia
one side, and half the circumference the other, 'The
product of their multiplication isthe ares. Halfby NNNNNENN
half iz & quarter. Therefore a quarier of the dismeter multiplied by the
eircumference is the ares.—Gan.

See in the Golddlydya of the Siddhdute-siramani, o demonstration of
the rule, that the surface of & sphere is four times the ares of & great circle,
or egual to the circumference multiplied by the dlameter.—IBid, [See the
Golddhydya, Wilkinson’s translation, IIf, 62.Ep.]

To demonstzate the rule for the solid conbent of a sphere, suppose the
sphere divided into a2 many little pyramids, or long needies with an scate
tip and squsre base, 28 ia the number by which the surface is messared, the
height of each pyramid being equal to the radius of the sphere. "The base
of each pyramid is a unit of the scale by which the dimensions of the surface
are reckoned ; and the altitude being & semi-diameter, one-third of their pro-
duct is the coutent: for a needie-shaped excavation i one-third of am ex-
cavation in the form of a rectangular parallelopiped of the same base and
height, s will be shows (§221). Therefors (unit faken inbto) a sixth part
of the dismeter is the content of one suchk pyramidieal portion: and that
multiplied by the aurface gives the solid content of the sphers.— Ihid,
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interesting but rough demonstrations in the case of the area
of a circle and the volume of & sphere, and refers to the
Golddhydya for the case of the surface of a sphere.  See foot
note. ]

204. Example. Intelligent friend, if thou know well
the spotless Lildvati, say what the area of a circle
i, the diameter of which is measured by seven : and
the surface of a globe, or area like a net upon a ball,
the diameter being seven: and the solid content with-
in the same sphere.

Statement : diameter 7.

Answer: areaof the circle, 38343#. Superficial con-
tent of the sphere, 15334212. Solid content of the
sphere, 1793487,

205--206. Rule : astanza and abhalf. The square
of the diameter being multiplied by three thousand
nine hundred and twenty-seven, and divided by five
thousand, the quotient is the nearly precise area ; or
multiplied by eleven and divided by fourteen, it is the
gross area adapted to common practice. Half the
cube of the diameter, with its twenty-first part added
to it, is the solid content of the sphere.

The area of the circle, nearly precise, comes out as

befove 382£33, or gross area 383. Gross solid content
1793.

[ The area of a circle =31cwd’, d being the diameter

3097 . 3997
=X 13500 = s500%
22 11

or more roughly smd" =, d*
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!
Agnin, the volume of a sphere = % x %’ » d being the diameter

22 11
=Txs? = g7® roughly

-1 (1+ 231)

"hus the reasons for the rules are obvious.]

206-~-207. Rule®': a stanza and a half. The sum
and difference of the chord and diameter being multi-
plied together, and the square root of the product
being subtracted from the diameter, half the remain-
der is the arrow.” The diameter less the arrow being
multiplied by the arrow, twice the square root of the
product is the chord. The square of half the ehord
being divided by the arrow, the quotient added to the
atrow is pronounced to be the diameter of the circle.

[ By the word arrow is meant the height of the arc.

Siryaddsa gives the following proof of the formala for the
AETOW.

Let AB be the chord, .0, the arrow, 4 3
and O the centre. Join B0, and produce ¢
it to meet the circumference in E. Draw 7}
the chord EGF perpendicular to the / e
diameter DH. Join BF. ESLF

Then €D =3} (DH—CG)=% (DH—BF)
=i (DH y BEP—EF?) =} (DH—y/DH—AB),

whence the rule.

1 Ty a civole cut by & right line, to find the chord, arrow, &o. ; thabis, either
the chord, the arrow, or the diameter being unknown, and the other two
given, to find the one from the ethers.—Gan, and Biir.

¢ A portion of the circumference is & bow (dhanwusk, chdpa), The right
Yine between its extremities, Jike the string of & bow is ite chord (jicd, jyd,
guna, mawre€), The line bebween them is the srrow (sers, cslu), 65 resem-

bling one set on & bow.—Gan, and Bdr,
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Again, CH. CD = AC? (Buclid ILL 35)

~ AB=24C=2,/CH CD.
AC? .
Also C,-:D" = CH,
gy AC?
.pa=4% 1 cn)

208, Example. In a circle of which the diameter
is ten, the chord being measured by six, say friend
what the arrow is : and from the arrow tell the chord
and from chord and arrow, the diameter.

Statement : diameter 10. When the chord is 6, the
length of the arrow comes out 1.

Or, the arrow being 1, the chord is found 6. OQr
from the chord and arrow the diameter is deduced 10.

209--211. Rule: three stanzas. By 103923,
84853, 70534, 60000, 52055, 45922, and 41081,
multiply the diameter of a cirele, and divide the re.
spective products by 120000; the quotients are sever-
ally, in their order, the sides of polygons from the
triangle to the enneagon (inscribed) within the circle.

' To find the sides of regular Tnseribed polygons.—Gan. and Sdr,

* Degcribe a cirele with any radius st pleasure, divide the circumference
into three equal paris and mark the poinis;
and with these points (4, B, () a8 centres and
with the same radius, deacribe three cireles,
which wiil be eqmal in cirenmference to the
first circle ; smd it is thus maaifest that the
gide of the regular hexagon within the circle
iz hall a diameter.

The side of sn equilnferal friangle (inseribed)in a cireleis the npright,
the dismeter is hypotenuse and ihe side of the hexagon is sids of a right~
angled irisngle, See above fignre. Therefore the square root of the differ-
once of the sguare- of the semi-dinmeter sul dismeter is the side of the {in-
soribed) equilatera! triangle: wiz., for ihe proposed diamefer (120000,
103923
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[In this rule the author gives the fractions by which the
dameter of o circle is to be severally multiplied, in order fo
get the sides of inscribed regular figures from the triangle to the
enneagon. Ganesa shows by a purely geometrical method how
the fractions are arrived at, in the case of the trian gle, the square,
the hexagon, and the octagon ; and remarks that a similar proof
cannot be given in the case of the pentagon, the heptagon and
the emneagon. See foot-note. Stryaddsa tries to supply the
proofs in these cases, but his attempt is a failure ; for the proofs he
gives are not ab all rigid and satisfactory, and it is not worth
while to give them in the foot-note, as Colebrooke does. By the
help of trigonometrical tables, proofs in all the cases way be
given in a general menner as follows :—

Let a denote the side of a regular polygon of » sides inseribed

. .
in a circle of radius » Then a=2r sin- (see Todhunter’s

Trigonometry, Art, 255). Hence, side of inseribed equilateral fri-

snglom2rsin 60°=2r ¥ 5 pLTBI0508 1 31 8660254

Now the fraction 33832 = 866025 ; thus the approximation i3

very close, )
The side of the inscribed square= 2¢ sin E:: 21‘—{—9‘- = 27 X

T0710647.... ]
Now the fraction f4f%% = 7071083 ; thus the fraction is a

little too large,

The side of a square ishypotenuse, and the
semi-diameter is apright and side. Where.
fore the square root of bwice fhe square of the
semi-dismeter is the side of the (inscribed)
sguare: viz, for the diameter assumed, 84853,

The side of the regular octagon (see above figure) is hypotennse, half the
side of the square is upright, and the difference between that and the semi-
diameter is the side, Wherefore the square root of the sum of the sguares
of half the gide of the square and the serni-diameter Izes half the side of the
spuare ia the side of the (inseribed) regolar octagon : viz., for the diameter
a8 puk, £59232,

The proot of the sides of the regular pentagen, heptagon and enueagon
eannot be shown in & similar manner.—Gan,

18



( 122 )

The side of the inseribed pentagon « 2 sin 86° = 2 % 5877553
from & table of natural sines. Now the fraction 3534 =
4587788 ; thus the fraction is a little too small,

The side of the inscribed hexagon is equal to the radius,

The side of the inscribed heptagon =2» gin (25° 4% 51%)
noarly == 2r x 4338819 from the tables and the theory of pro.
portional parts. Now the fraction yS&%%f: = 4337916 ; thus the
fraction is a little too small.

The side of the inscribed octagon = 2r sin 223° = 2» x *3826834
from the tables. Now the fraction y45%3% = 882683 ; thus the
approximation is very close.

The side of the inscribed nonagon = 2r sin 20° = % % -3420201
from the tables. Now the fraction #3%%% = 841925 ; thuy the
fraction is & Httle too small.

In the appendix to the Golddhydya, called Jyotpaiti, Bhiskara
has given an elaborate method of constructing the sines of
various angles, adopting the old definition of the sine. (See
Todhunter’s Trigonometry, Art. 71.) The values deduced by
his method closely approximste the values given in our modem
tables, there being slight discrepancies in some cases, which
account for the discrepaneies noticed shove between the values
of the sides of some of the inscribed regular polygons as given
in the text, and their values as calculated from the iables. A’
able of sives and versed sines of certain angles in arithmeticsl
progression isalso given in the Surya-siddhdnta, I¥. 1527, the
valnes there stated being less aconrate than those deducible from
Bhigkare’s method. See Surya-siddAdnta, Bipd Deva Sdstri’s
translation, I1. 16, foot-nofe. The decimal notation is nowhere
used ¢ither by Bhéskaras or in the Surya-siddhdnta. See nole
to § 138,

212. Example. Within a circle of which the dia-
meter is two thousand, tell me severally the sides of
the inseribed equilateral triangle and other polygons.

Statement : diameter 2000.

Answer: side of the triangle, 17324%; of the tetra-
gon, 1414}%; of the pentagon, 11753F; of the hexs
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gon, 1000 ; of the heptagon, 8674 ; of the octagon,
765%%; of the nonagon, 68344,

From variously assumed diameters, other chords are
deducible, as will be shown by us under the head of
construction of sines (Jyotpatéi) in the treatise on
Spherics.

[See Golddhydya, appendix, Wilkinson’s translation.]

The following rule teaches a short method of find-
ing the gross chords.

913. Rule. The circumference less the arc being
multiplied by the are, the product is termed first!
From the quarter of the square of the circumference
multiplied by five, subtract that first produet, and by
the remainder divide the first product taken into four
times the diameter. The quotient will be the chord.

[This rule, as the author himself observes, gives a method
of finding approximately the chords of given arcs of a circle.
The commentators give sn unsatisfactory and almost fanciful
demonstration of the rule. The nature of the approximation
may be shown thus —

Tt AB be the given are whose chord
istobefound. Draw the diameter BOC, AL NB
and join AC, AO. Let 0 denote the N
angle AOC, »the radius, and ¢ the cir- ‘b
cumference of the circle. Then the valuve ¢
of the chord AR as given by the rule

. are ACB xare 48 x 8r

£ "arc ACB X arc 4B

8r 4 (3o)f ~(arc CA) ¥ D (4= — 46%)
N7 ~ (46)% + (arc CAY Y PLE N

2r, -E:-(—g-)mr-ﬂr. 1o (V{1 (L) +ée
G- (- ()

1 Prathama, ddya, first (product).
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O ( j- z_g), neglecting powers of g‘oeyond the second,
The accurate value of the chord 4B=2r eosg= 2p ( 1-&
8

+&c. ) Taking = = 32, the value of the fraction KA will ba
ednd

found to be very slightly greater than §. This shows the natare
of the approximation. It is worthy of notice that the ruls
gives the exact value of the chord when the arc is 4 sixth part
of the circumference. The rale appears to have been obtained
empirically after repeated trials, ]

214, Example. Where the semi-diameter is a hun-
dred and twenty, and the arc of the circle is measured
by an eighteenth multiplied by one and so forth (up te
ninet), tell quickly the chords of those arcs.

Statement : diameter 240,

Here the circumference is 754 (nearly),

Arcs being taken which are multiples of an eight-
eenth of the circumference, the (corresponding) chords
are to be sought.

Or for the sake of facility, abridging both circam-
ference and arcs by the eighteenth part of the circom.
ference, the same chords are found. Thus, circum.
forence, 18 ;arcs, 1, 2, 3,4, 5,6, 7, 8, &. Proceeding
as directed, the chords come out 42, 82, 120, 154, 184,
208, 226, 256, 240,

In like manner, with other diameters (chords of as-

signed arcs may be found).”
[We can easily tost the accuracy of the values of the chords
given sbove by caleulating their actual values from a table of

! Up to nine, or half the number of ares ; for the chords of the eighth and
tenth will be the same, and so will those of the seventh and eleventh, and
0 forth.—Gan,

* Gang. %o.
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matural sines. It will be found that the values given are in
gome cases less, and in others greater than the true values.]

915. Rule! The square of the circumference is
multiplied by a quarter of the chord and by five, and
divided by the chord added to four times the diameter ;
the quotient being subtracted from a guarter of the
square of the circumnference, the square root of the re-
mainder, taken from half the circumference, will leave
the arc.

[This rule is derived from the preceding one. Denoting the
arc AB (see figure in the note to §213) by 2, we get 4B=

8r (e—~2x) @ _ 5 4B. ¢ .
”__(—5“-":25)— (§ 213), whence 2* m+4uwm(8r+AB"5 == ;

‘ --.z=n= W { ) (BSAf Ac_’E)}’ the upper sign being taken,
as & is supposed to be less than the semi-circumference. Hence
the reason for the rule is obvious.

The following empirical and approximate rule for finding
the arc is cited by Ganesa from Aryabhatta :—Six times the
square of the arrow being added to the square of the chord, the
square root of the sum is the arc. If 26 denote the angle sub-
tended by the arc at the centre, and » the radiuvs, the expres-
sion for the arc as given by the rule
= 4/ {472 sin®0 4+ 6¢% (1 cos €)%}
=14/ {10+2 cos® 8 - 12 cos 6}

gm/{w-;-z (1--+ LP-12 (1-‘ ...... )}
=7, 26, (neglecting higher powers of 6), which is the troe value
of the are. This shows the nature of the approximation in-
volved in the rule. Inthe case of the semi-circle, the rule givey
for the tength of the arc the expression 4/10 , so that the value
of = is assumed to be 4/10.]

216. Example. From the chords which have been
here found, now tell the length of the arcs, if, mathe-

Y To find the aro from the chord given,
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matician, thou have skill in computing the relation of
arc and chord,

Statement : chords, 42, 82, 120, 154, 184, 208, 226,
236, 240.

Circumference abridged 18, The arcs thence found
are, 1,2,8,4,5,6,7,8, 9. They must be multiplied
by the eighteenth part of the circumference.!

[Bhiskars has given no rule for finding the area of a bow
or segment of a circle. (Ganesa cites in his commentary fwo
rules for this purpose, which are practically the same. One of
them, due to his father Kesava, is as follows : —The arrow
being multiplied by balf the sum of the chord and arrow,
and a twentieth part of the product being added, the sum
is the area of the segment. The other rule due to Sridham
is as follows : —The square of the arrow multiplied by the
square of half the sum of the chord and arrow, being mul-
tiplied by ten and divided by nine, the square root of the pro-
duct is the ares of the bow. Simce the fraction $} is very

nearly equal fo the fraction "/—319, we see that these two rules

are practically the same. They both appear to be empirical and
give very rough resulis, as may be readily seen by applying
them to one or two particular cases. Thus, taking the first rule

and applying it to the case when the segment is a semi-circle,

we got for the area, the expression % ?3-;—2, the true area being

”—-;-f, r denoting the redius ; so that in this case the value of »
is taken to be £§, which is grester than the true walue.

* Bdryaddsa and Gangédhara notice other fgures omitbed by the anther,
8. §u geja-danta or elephant's tusk, which may be treated as & trlangle ao-
cording to Sridhara ; bdlendu or crescent, which may be considered aa com.
posed of two triangles, according to the same anthor ; yave or barloyeorn, a
convex lens, breabed ms consisting either of two triangiles or two bows, aoe
cording to Ganghdhara ; nems oz felloe; vajra or thunderbolt, treated asa
quadrilateral with two bows, sccording to Gangéddhara ; sankda of conch;
mridanga or great drum ; and several others,
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Again, applying the same rale to the case when the arc of the seg~
ment is a quadrant, we get for the area, the expression -"% %,

. (r-2)* « e
the true area being *—z—; 80 that in this case the wvalme of

xis taken to be §}, which is less than the true valuve. Ganesa
himself gives the accurate method of finding the area of the
segment, namely, by subtracting the area of the trisngle formed
by the radii and the chord of the segment from the area of the
gector. 'The same rule is also given in the Manoranjana.]



CHAPTER VIL
EXCAVATIONS' AND CONTENTS OF SOLIDS.

217—218. Rule’: a couplet and a half. Taking
the breadth in several places,® let the sum of the mes-
sures be divided by the number of places : the qac-
tient is the mean measure. So likewise with the length
and depth.* The area of the plane figure, multiplied
by the depth, will be the number of solid cubits con-
tained in the excavation.

[The rule is very rough, giving a result much smaller than
the true ome. It is curions that such a rough rule was given
when the author intended fo lay down the correct rule imme.
diately afterwards (§221). The tank contemplated is no douwbt
an ordinary one with slant sides, and we need not take the
messurements in several places ; the length and breadth of the
mouth and bottom, and the depth of the bottom from the mouth,
being sufficient for finding the volume aceurately. See §221.]-

219—220. Example : two stanzas. Where the
length of the cavity, owing to the slant of the sides,

1 Khdta-vyavahdra. The author treats first of exoavations, secondly of
stacks of bricks and the like, thirdly of sawing of fimber, and fourthly of
stores of grain, in as many distinct chapters,

* Por measuring s exoavation, the sides of which are trapesia,.—Gan.

* Vistdra, breadth ; doirghya, length ; bedha, dopth. XKhdiz, an excavi.
tion; soma-khdis, s cavily in the form of a rectangular parallelopiped,
oylinder, &o.; vithama-khdie, a cavity in the form of an irregulsr solid;
sdohi-kAdta, an acute one, & pyramid or cone, Sama-mili, mean Measnre.
Ghana-phals, the content of the excavation,

1 The irregular solid is reduced to a regular one, to find its conbent.Sir,
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is measured by ten, eleven and twelve cubits in three
geveral places, its breadth by six, five and seven, and
ita depth by two, fourand three : tell me, friend, how
many solid cubits are contained in that excavation.

Statement : lengths, 12 11 10

breadths, 7 5 6

depths, 3 4 2
Here finding the mean messure, the breadth is 6 cubits,
the length 11, and the depth 3. The number of solid
cubits is found, 198.

221. Rule': a couplet and ahalf. The aggregate
of the areas at the top and at the bottom, and of that
resulting from the sum (of the sides of the summit
and bage), being divided by six, the quotient is the
mean aren ; that multiplied by the depth is the neat’
content.® A third part of the content of the regular
equal solid is the content of the acute one.*

[This rule gives the exact volume. The tank contemplated is
an ordinary one with uniformly slanting sides. Let ABCD be
the mouth of the tank, and EFGH its base, both heing supposed
rectangular. Suppoese the mouth of the tank to be covered by

a plane. Draw perpendiculars on this plane from E, F, G, H,
and from the feet of these perpendiculars, draw perpendiculars

ws e

1 To find she content of a prism, pyramid, oylinder and cone,

% Qontrasted with the result of the preceding rule, which gave a gross or
approximate measure,

* Half the sam of the breadths ab the month and botbom is the mean
breedth ; and half the sum of the lengths at the mouth and botbom is the
mean length : their product is the srea abt the middle of the tank. (Four
times that ia the product of the sums of the length and breadth.) This, added
to once the area at the mouth and once the area ab the botbom, is six tlmes
the mean aren,~Gan,

¢ As the bottom of the acnbe excavation is deep, by finding an area for it
in the manner before dirested, the reguiar equal solid is produced ; where.
fore proporbion is made: if such be th oontent, assuming thres places, what
is the vontent taking one? Thus the content of the regular equsl solid,
divided by three, 14 that of the acute one—Sdr.

B,M 1'7
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m AB, BC, CD, DA, as in the figure. Let 4D =g, ABe=b,
EH=¢ EF=d, and 2=vertical

depth of the tank. Then it will 4 d D
be easily seen that the tank is g ¢
divided into & rectangular paral- 3 4
lelopiped whose volume is edz; a G
four triangular prisms, two and
two being equal, the united volume Z ¢
being 3z {(a—:) 4 + (b—d)e} ; and four equal pyramids on
square bhases, one at each corner, the united volume being
3z (a—¢) (b—d). Hence the volume of the tank

=z {sd+} (a~0)d + 1 (b—d) c+1 (a—0) (3~ d)}

ez x Habded+(at+o) b+ D}

The last expression stated in words leads o the rule. Thelagt
part of the rule relating to the volumes of pyramids and cones
is well known., Clanesa and Sdryaddsa give curions demonstra~
tions of the rule. See the foot-notes.]

222. Example. Tell the quantity of the excava-
tion in a tank, of which the length and breadth are
equal to twelve and ten cubits at its mouth, and half
as much at the bottom, and of which the depth, friend,
is seven cubits,

Statement : length 12; breadth 10; depth 7. The
area at the mouth is 120 ; at the bottom 30 ; reckoned
by the sum of the sides 270. Total 420. Mean area
70. Solid content 490,

223. Example. In a quadrangular exeavation, the
side being equal to twelve cubits, what is the content,
if the depth be measured by nine? and in a round one,
ot which the diameter is ten and depth five ? and tell
me separately, friend, the content of both acute solids.

Statement of quadrangular tank : side 12 ; depth 9.
Proceeding as directed, the solid coutent comes out
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1996, The content of the acnte solid (quadrangular
pyramid) is 482.

Statement of round tank : diameter 10 ; depth 5,
The content;nearly exact i 2327 ; of the acute solig
(cons), 2282, Or gross content of the cylindrieal
tank is 2320 ; of the cone, 270,

[The valuo of « is taken to be 2284 (See §201).]



CHAPTER VIIL
STACKS.?

924925, Rule’: a stanza and a balf. The ares
of the plane figure (or base) of the stack,’ multiplied
by the height,* will be the solid content. The content
of the whole pile, being divided hy that of one brick,
the number of bricks is found. The height of the
stack, being divided by that of one brick, gives the
number of layers.” So likewise with piles of stones.
“ [The stack is supposed to be in the form of a rectangular
perallelopiped, and the reason for the rule is obvious. Bricks
are, however, usnally arranged in 2 pile so as to form & frustom
of a quadrangular pyramid.]

226—227. Example : two stanzas. The bricks of
a pile being eighteen fingers long, twelve broad and
three high, and the stack being five cubits broad, eight
long and three high, say what the solid content of the

pile is ; and what the number of bricks, and how
many the layers.

V Chiti-oyavakdra.
#Po find the solid content of a pile of bricks, or of stonex or ofher things

of uniform dimensions: also the number of bricks and of strata contained
in the stack.

¥ Ohiti, mpile or stack,
* Unhebhedye, uchehhriti, avchehya, beight.
L Stara, Yayer or strabum,
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Statement : length of pile, 8 ; breadth, 5 ; height, 3.
Bricks, 3 by & by &

Answer. Solid content of the brick, & ; of the
stack, 120. Number of bricks, 2560. Number of
layers, 24.

So likewise in the case of a pile of stones.



CHAPTER IX.
SAW.:

P etr—————

228. Rule: two half stanzas® Half the sum of
the thickness at both extremities, multiplied by the
length in fingers, and the product again multiplied by
the number of sections of the timber, and divided by
five huadred and seventy-six,® will be the measure in
cubits,

[The faces of the timber to which
the sections are parallel, are supposed
to be trapeziums, and the ends are sapm
posed to be rectangular. Let ABCD
represent one of the sections, They its g
area=¢ (4B 1 CD) x perpendicular B
distance between 4B and CD =} (AB+CDy x 4D, nearly.
The object of the reckoning is to settle the sawyer’s charge
which is at a certain rate for each square cubit along which the
sawing is made. Hence the above ares must be multiplied by

the number of sections to get the total area for whichthe charge
is to be reckoned. ]

229. Example. Tell me quickly, friend, what the
reckoning will be in eubits, for a timber the thickness

! Kmkacka—eyamktfm, determination of the reckoning concerning the
eaw (drakacha) or iron instrgment with s jagged edge for ontting wood —
Bafr,

?The coneluding kalt of one statsa begun in the preceding rule (§ 225),
und the firet half of another shanea of like metre completed in the follow.
ing rule (§ 230),

*To rednee superfiotal fingers fo superdicfal cubits,

/)
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of which is twenty fingers at the root, and sixteen
fingers at the tip, and the length a hundred fingers,
and which is cut by four sections.

Statement : length 100 ; thicknesses 20 and 18.
Kumber of sections, 4.

Half the sum of the thicknesses at the two extre-
mities, 18, multiplied by the length, makes 1800; this
multiplied by the number of sections, gives 7200 ;
divided by 576, gives the quotient in cubits, Z8.

230. Rule: half a stanza. But when the wood is
cut across, the superficial measure is found by the
multiplication of the thickness and breadth, in the
mode above mentioned.*

{The reason for the rule is obvious.]

231. Maxim. The price for the stack of bricks
or the pile of stones, or for excavation and sawing,
is settled by the agreement of the workman, accord-
ing to the softness or hiardness of the materials.®

232. Example. Tell me what the superficial
measare in cubits will be, for nine cross sections of a
timber, of which the breadth is thirty-two fingers,
and thickness sixteen.

Statement : breadth 32 ; thickness 16, Number of
sections, 9.

Angwer : 8 superficial cubits.

{The timber iz supposed o be in the form of a rectanguler
parallelopiped.]

t If the breadth be vnegual, the mean btrendth must be taken.—Gan, and
Bir,

*‘This is levelled ab cerinin preceding writers who have given rules for
computing specific prices or wages, as A'rya-bhatta guoted by Canesa, and as
Brahmagupta (XII, 49); particularly in the instance of sawyer’s work, by
varying the divisors according to the difference of the timber,



CHAPTER X.
MOUND' OF GRAIN,

233. Rule. The tenth part of the circumference
is equal to the depth (height’) in the case of coarse
grain ; the eleventh part, in that of fine ; and the ninth,
in the instance of bearded corn® A sixth of the
circamference being squared and multiplied by the
depth (height), the product will be the solid cubitg ¢
and they are khdris of Mogadhal

! Rdsi-vyavaldra, determination of a mound (of grain),

* Bedha, depth. Here it is the height in the middle from the ground to
the summit of the mound, —8dr,

¥ dmy, sikshma-dhdnys, fine grain, a3 mustard seed, ko.~Gan, As Paspse
lum Kora, &o.—Hano, As wheat, &o.-Sir,

Anann, sthoila-dldnya, coatse grain, ss chiches (ciesr arietinum)—Gan,
and Sir. As whest, &o—Mane, Barley, e.—Chaturveds on Brabm,

Sikin, sika-dhdnya, bearded com, 28 rice, o,

The ooarser the grain, the higher the mound. The ruleis founded on trial
and experience ; and for other sorts of grain, other proporiions may be taken,
833 or 104 or 12 times the height, equal to the cirenmference —Ban, and
Bdr. The ruleis taken from Brahmagupta, XII, 50,

* This is o rough caloulation, in which the diameter is taken 8% onethird
of the eiroumference. The content may be found with greater precision
by taking & moze nearly cotrect proportion between the circumference and
diameter,—Gan,

*8ee§ 7, Theproportion of the Rhdrd or other dry measurs of &1y prove
ince to the solid eobit being determined, a rule may be readily formed for
compuling the number of such messures in & conical meand of grain,
Ganesa accordingly delivers rules by him devised for the Ahdri of Nandie
gréma and for that of Devagiri : ‘the eireurference measared by the haman
cubit, sqnared and divided by sixteen, gives the Ahdri of Nendigrdma ; and
by sixty, that of Devagiri! (Devagiri, lit, mountain of $he gods, is bebier
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[The mound is supposed to be conical, the height being stated
arhitrarily. The circumference of the base being given, the
height will of course depend on the vertical angle of the cone.
The rale is very rough, the value of m being taken equal to 3,
as Granesa remarks.

Let » denote the radius of the base, and 4 the height. Then the

(2xr)? < he (ei:cumferexwe)2 P

volume of the mound=f{ # M‘“Sxéw 5
suppesing = = 3.]

934. Example. Mathematician, tell me quickly

how meny Khdris are contained in a mound of eoarse

rain standing on even ground, the circumference of
whick (mound) measures sixty cubits ; and separately
say how many (are there) in a like mound of fine
grain and in one of bearded corn.

Statement : circumference 60 ; height 6.

Answer : 600 khdris of coarse grain. But of fine
grain, the height is §¢, and quantity thence deduced,
8900 So, of bearded corn, the height is $2, and
quantity £900 Lhdris.

235. Rule. In the case of a mound piled against
the side of a wall, or against the inside or outside of a
corner of it, the product is to be sought with the cir-
cumference multiplied by two, four, and one and a
third ; and is to be divided by its own multiplier.®

kpown by the name of Dauluiabad, which the Emperor Mobammad con-
forred on it in the 14th century, Nandigrdma, lit, the town or village of
Nendi, Sive's bull and vehicle, refaing the antigue name, and is situated
about 65 miles west of Devagiri) He further observes that the cubit
intended by the text i3 a measnre in use with sartisans, celled in valgar
speech gaj ; and a khdrf equal to such a solid cubit will contain twenty-five
manar and three guarters,

! Againat the wall, the mound is half a cone ; in theinner corner, » yuarber
of u cone ; and ageinst the outer corner, thres quarters. The dircumference
intended is a like portion of & oireular base ; snd the rule finds the content of
& complete conie, and then divides it in the proportion of the part. See Gan.&e.

iz
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[The reason for the rule is clear from the foot-note, The
cireumferences that are supposed to be given in the three cages
are respectively half, one-fourth, and three-fourths of that of
the base of the complete conical mound.]

286—237. Example : two stanzas,, Tell me
promptly; friend, the number of solid cubits contained
in a mound of grain, which rests against the side of
awall, and the circumference of which mensures thirty
cubits ; and that contained in one piled in the inner
corner and measuring fifteen cubits ; as also in one

.raised against the outer corner and measuring nine
times five cubits.

Statement : W Q
5

Twice the first mentioned circumference is 60. Four
times the next is 60. The last multiplied by one and
a third is likewise 60. With these the product is alike
600. This being divided by the respective multi-
pliers, gives the several answers,' 800, 150 and 450.

! For coarse grain: bub the product is 2222 for fine, and L2904 for benrded
ocorn ; and the answers ave °§§°%, 1120, 4200, gpd 2900, a0, A809..fan,
&e,



CHAPTER XI.
SHADOW® OF A GNOMON.

238. Rule® The number five hundred and seventy-’
six being divided by the difference of the squares
of the differences of both shadows and of the two
hypotenuses,” and the quotient being added to one,
the difference of the hypotenuses is multiplied by the
square root of that sum ; and the product being add-
ed to, and subtracted from, the difference of the sha-
dows, the moieties of the sum and difference are the
shadows.

[The translation of the last sentence is not quite corvect. It
shouid be, * and the difference of the shadows being added to and
subtracted from the product, the moleties, &e.”

The rule, as the anthor hints in the esample which follows
(§239), is founded on the algebraic solution of a quadratic
equation, Ganesa gives it at length after the manner of the
author's Vija-ganita. It is however very long and not at all

t Chhdyd-vyavahdra, determination of shadew ; that iz measurement by
means of n gnomon.

2The difference of the shadows and difference of the hypotenuses being
given, to fnd the length of the shadows and hypotennses —Bir,

This rule is the first in the chapter, according to all the commentatora
exoept Siiryadfea, who beging with the next, §240, and places this affer
5244,

¥ Chhdyd, bhd, prabhd, shadow,

Sankw, nare, vri, s gnomon, wsually 12 fingers long.

XKarua, hypotenuse of the triangle, of which the gnomon iz the perpendi-
cular, and the shadow the base.
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clear, and so it has not been given in the foot-nole, The rule
may be demonstrated after the manner of modern algehrs a5
follows :—

Let ABC be a triangle, and 4D perpen- A

dienlar to BC. Then BD, D are called
the shadows of the sanku or gnomon 4D,
which is supposed to be 12 fingers long ;
BD, DCheing supposed to be the shadows
on & horizontal plane of the gnomon AD, B € D &+& ¢
produced either by sunlight at two different howrs of the day,
or by artificial light. The object of the rule is to find thess

shadows, the difference of A4C, 4B, and of (D, DB being
supposed known.

Let BD=w, DC=z 4 a, AB=y, AC=y + b, @ and § being
known, and the measurements being in fingers.

Then gP—a® = (y + 8>~ (2 + ) = 144;
a’-

2 »
whence by squaring and substiteting #*< 144 for 3%, we obtain

the quadratic g L
. @=-b 14 -
&'+ ax + ( 1 s “bg) A

solving which we get 2 = %{ -a+ b“/(l +E"’5{%§) },

(the upper sign only being admissible),
andz+aa§{a+bq/(1+(%)}.
These results stated in words lead to the rule. The rule is not
of much importance.]

239. Example. The ingenious man, who tells the
sliadows of which the difference is measured by nine-
teen, and the difference of hypotenuses by thirteen,
I take to be thoroughly acquainted with the whole of
algebra as well as arithmetic.

Statement : difference of shadows, 19 ; difference
of hypotenuses, 13. (Gnomon 12.)

y Yl

&by =az+
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Difference of their squares 192. By this divide
576 :quotient 3. Addone. Sum 4. Square root 2.
By this multiply the difference of bypotenuses 18 :
product 26. Add it to, and subtract it from, the
difference of the shadows 19.

[The translation here is incorrect ; it should be, “add toif,
and sabtract from it, the difference, &c.” Bee note to §238.]

Half the sum and difference are the shadows, viz.,
4% and 4. ‘

Under the rule in § 184, the gnomon being the np-
right, and the shadow the side, the square root of the
sum of their squares is the hypotenuse. Thus the
hypotenuses are 5% and &t

240. Rule': half a stanza. The gnomon multiplied
by the distance of its foot from the foot of the light,
and divided by the height of the torch’s flame less the
guomon, will be the shadow.

[The rule follows from similar triangles as explained by Sirya-
désa, as follows :—

Let A be the position of the light, C.D the
gnomon, and DF its shadow. From Adraw 4
AB perpendicular to ED produced. Through
D draw DF parallel to AE. Then from F

the similar triangles CDE, FBD, wo get Coa
DE_BD Shenco DE=BD-DC - 0p 5

= AF. Hence the rule.]

241. Example. If the base between the gnomon
and torch be three cubits, and the elevation of the
light, three.cubits and a half, say quickly, friend, how

17he elevation of the light and (horizontal) distance of its foot from
the foot of the gnomon being given, to find the shadow.— Gan.
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much the shadow of a gnomon will be which measures
twelve fingers.

Statement : gnomon } ; distance between gnomon
and torch, § ; elevation of the light, 3.

Apswer. Proceeding as directed, the shadow comes
out 12 fingers.

242, Raule': half a stanza. The gunomon being
multiplied by the distance between it and the light, and
divided by the shadow, and the quotient heing added
to the gnomon, the sum ig the elevation of the torch.

[As Biryaddsa remarks, this rale also follows from similar
triangles, Bee figure in the note to § 240.]

243. Example. If the base between the torch and
gnomon be three cubits, and the shadow be equal to
gixteen fingers, how much will be the elevation of the
torch ? And tell me what the distance is between
the torch and gnomon (if the elevation be given.)

Statement : distance between torch and gnomon, 3;
shadow £,

Answer : height of the toreh 12,

244. Rule® : half a stanza. The shadow, multi-
plied by the elevation of the light less the gnomon
and divided by the gnomon, will be the interval be-
tween the gnomon and light.

[This like the preceding rule also follows from similar
triangles.]

Example, as before proposed (§ 243.)

Answer : distance 3 cubits.

*To find the elevation «f the torch, the ifength of the shudow, and the
{horizontal) distance beiny given. s

2To find the {horizontal) distance, the clevation of the borch and length
of the shadow being given.—Gan, and Sir.
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245, Rule' : a stanza and a balf. The length of a
shadow multiplied by the distance between the termi-
natious of the shadows and divided by the difference
of the lengths of the shadows, will be the base. The
product of the base and the gnomen, divided by the
length of the shadow, gives the elevation of the torch’s
flame.}

In like manner is all this, which has been before
declared, pervaded-by the Rule of Three with its vari-
ations, as the universe is by the Deity®

[Let 4 be the position of the light, 4,
C, B, the positions of the foot of the
gnomon, and €D, EF, the corresponding
chadows., Leb BC =z, BA=y, CD=a, \

EF=b, CE=¢, the measurements being ‘ !
B Ly F

in fingers.

Then from similar trinngles we have,

y 12 v 12
d+a o &+bte b7

ae
whenee & = —— .
b-a
1] —

sada=tOkema g,

andy &12 (:‘-{— a) =:|12 (e -};)b e (r),

whence the reason for the rule is obvious. DBhdskars’s own
explanation is practically the same as the above, but it is not
clearly put. He at once states a proportion which is equivalent
to equation (1) abeve, but he does not expluin how it is ob-
tained. ]

! The guomon being set up successively iu two places, the distance between
which is known, and the kength of the two chadows belug given, to ind the
elevation of the light, aud the base.~-Gan snd Sdr,

* The rule is borrowed from Brabmagupta (X1, 54),

* The nuthor intlmates that the whole preseding system of computation,
68 well ag the rules contained under the present head, as these before
delivercd, is founded on the rule of proportion.—Gan.
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246. Example. The shadow of a gnomon meq.
suring twelve fingers being found to be eight, ang
that of the same placed on a spot two cubits further
in the same direction, being measured twelve fingers,
say, intelligent mathematician, how much the distance
of the shadow® from the torch is, and the height of
the light, if thou be conversant with computation, ag
it is termed, of shadow.

Statement: shadows, 8, 12; interval between the
positions of the foot of gnomon, 48.

Here the interval between the tfermination of the
ghadows is in fingers 52. The first shadow 8, mul-
plied by the interval 52, and divided by the difference
of the length of the shadows, viz., 4, gives the length
of the base 104. It is the distance between the foot of
the torch and the tip of the first shadow. So the length
of the base to the tip of the second shadow is 156,

The product of the base and gnomon, divided by
the shadow, gives both ways the same elevation of
the light, viz., 64 cubits.

“ In like manner, &c.”-—Under the present head of
measurement of shadow, the solution is obtained by
putting a proportion: wiz., if so much of the shadow,
as is the excess of the second above the first, give the
base intercepted hetween the tips of the shadows,
what will the first give? The distances of the termi-
nations of the shadows from the foot of the torch are
in this manner severally found. Then a second pro-

! AN the commentators appear to have resd ¢ gnomon' in this place; bub
one copy of the text exhibits *shadow' as the reading: and this scems fo
be correct.

* Reference to the text, §245, [The suthor here purporis to explain fully
what he has hinted a% before.~ED.]
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portion is put: if, the shadow being the side, the gno-
mon be the upright; then, the base being the side,
what will be the upright? The elevation of the torch
is thus found; and is both ways (that is, computed
with either shadow,) alike.

[See note to § 245.]

So the whole sets of five or more terms are ex-
plained by twice putting three terms and so forth.

As the Being, who relieves the minds of his wor-
shippers from suffering, and who is the sole cause of
the prodnction of this universe, pervades the whole,
and does so with his various manifestations, as worlds,
paradises,’ mountains, rivers, gods, demons, men, trees,”
and cities; so is all this collection of instructions for
computations pervaded by the rule of three terms.
Then why has 1t been set forth by so many different
(writers®, with much labour and at great length)?
The answer is :—

247. Whatever is computed either in algebra or
in this (arithmetic) by means of a maltiplier and a
divisor, may be comprehended by the sagacious learned
as the rule of three terms. ¥Yet has it been composed
by wise instrnctors in miscellaneous and other mani-
fold rules, teaching its easy variations, thinking there-
by to increase the intelligence of such dull compre-
hensions as ours.

U Bhutana, worlds. Riavana, paradises, the abodes 0of Brahmi and the
rest of the gods. [The reading here adopted by Colebrocke is apparently
different from that in Pandit Jivinsnda Vidyésfgara’s edition in which we
have sekala-bhucana.bhdvanens, which rendered besomes, ‘ who is the crestor
of all the worlds,’ the words, °worlds’ and ' paradizes’ in Colebrocke's
translation, being omitted in that case.~—ED. |

¢ Naga, either tree or mountain. The term, however, i8real in the text
by nona of the commeniators besides Ganessa.

3 Ag Sridhara and the rest,—Mano. As Brahmagupta and others.—Gang,

B, M
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CEAPTER XIL
PULVERIZER.

248--252, Rule: five stanzas.
248. In the first place, as preparatory to the in.
vestigation of a pulverizer,’ the dividend, divisor and

' Kuttaka-vyavahdre of kutterddhydya, debermivation of a grinding or
puiverizing multiplier, or gquantity such that s given 'namber being muith
piied by it, and the product added to a given quentity, the sam (or, if the
sdditive be negative, the difference) may be divisible by a given divisor
without remainder. Xuftaka or kutta from hutt, to grind or pulverize; (to
wmultipiy: all verbs importing teundency to destruetion also signifying muiti
phoation.~-Gan.) The derivative import of the word is refained in the
present version to distinguish it from multiplier in general; luttoks being
restricted to the particular multiplier of the problem in question.

Acgording fe the remark of Ganess, this chapter aa well as the following
chapter on combination beicngs to algebrs rather than arithmetid; and
they sro here introduced, ms he observes, and treabed without smploying
algebraic forms, to gradify such aa are unacquainted with snaiysis. Bee
Vijg-ganita, Chap. I, from which the present ehapler is borrowed, the
contenta being copled, with some variation of the order, nearly word for
word.

Gapess notices an objection, namely, that this subject ought not to have
been infroduced into a treatise om arithmetic, while a passsge of A'rya.
bhatta expressly distinguishes it from both arithmetic und algebra: *the
maliifarious doctrine of the planete, arithmetie, the pulveriser (Zutéakal,
and analysie (vffz) and the reet of bhe sclence treating of seen {or physical)
chjects.” He answors the objection by saying that mathematics {ganita)
consists of two hranches treating of knowa and of unknowsn guantisy
(vyakta-ganita and aryakbic-ganita); that the investigation of the pulve-
rizer is comprehended in algebrs; snd that the separate mention of this
gnbjech by A'ryabhatis and other anofent anthors is infended to indicats ils
diffionlty and impertancs. In Brahmagupta's work, the whole of sigetms
is comprised under the title of Imttcma‘dkydya, chopter on the palverizer.
8ee Brobm,, Ch, XVIIL,
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additive quantity® are, if practicable, to be reduced
by some number.’ If the number, by which the divi-
dend and divisor are both measured, do not also mes-
sure the additive gqnantity, the question is an ill put
(or impossible) oue.

249—251. The last remainder, when the dividend
and divisor are mutually divided, is their common
measure.” Being divided by that common measure,
they are termed reduced quantities,® Divide mutunally
the reduced dividend snd divisor, until unity be the
remainder in the dividend. Place the gquotients one
under the other, and the additive quantity beneath
them, and cipher at the bottom. By the pepult
multiply the number next above it and add the lowest
term. Then reject the last and repeat the operation
until a pair of numbers be left. The uppermost of
these being abraded* by the reduced dividend, the
remainder is the quotient. The other (or lowermost)
being in like manner abraded by the reduced divisor,
the remainder is the multiplier.

252, Thus precisely is the operation when the
number of quotients is even. Bat if the number be

¥ Eshepa or yuti, additive; from Aship to cnst or throw in, and from yu
tomix. Fheuddhi, sebiractive quantity.

* Apavartana, abridgment. —Gan. Heduchion to least terms, division with-
onb remainder ; alzo the nuniber which serves to divide withont reaidue, the
common measure.—8ur. [1t is really the greatest common messure.—En.}

* Dridha, firm ; reduced by the common divisor to the least term. The
word is appiicable to the reduced additive, as well as to the dividend and
divisor.

¥ Tushia abraded ; from takel, to pore or abrade: divided, but tha resiine
taken, disregording the quotient.—5dr. A3 it were a residne afer repeated
aubtractions —Gang,

Takshana, the abrader ; the diviser employed in auch operation,
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odd, the numbers as found must be subtracted from
their respective abraders, and the residues will be the
true quotient and maultiplier.

[This Chapter, as Gianesa remarks, properly belongs to Algebra
and not fo Arithmetic. 'We have already seen, however, that
the present treatise deals with both Arithmetic and Algebra.

The whole of this Chapter is ocoupied with problems prodne.
ing indeterminate equations of the first degree, and the object
of the several rules is to find positive infegral solutions of such
equations. The reason for the above rule will be best understood

from the example in § 253. Let y denote the multiplier and

221z + 65

x the integral quotient. Then we get g =1, and the

object of the rule is to find positive integral solutions of this

equation.
17y + 5
B h

Dividing by the common measure 13, we get
L 1Be—17y = 5......(1).
This equation is of the type Az — By = C, A being less

than B, snd the rule refers to cases of this class. Oonvertz into

. . ) . B 1 1
a continned fraction, and suppose the result is 7= o+ o

Let < be the convergent immediately preceding g Then we

knowpthat z=gC, y=pC, or #=(Bw-g) C, y=(d~p) C, is
one solation of equation (1), according 88 Ag—Bp=+ 1; and
that the general solution is 2=a+ Bt, y=04 Atf, where aand
A are one seb of values of 2 and y, and where we may give to
t any positive integral value, and also such negative integral
values as make Bt and 4¢ numerically less than « and @ respec-
tively. (See Todhunter’s Algebra, Arts, 630, 631.) Now the
saocesive convergents to % are %, ai;—i, Wﬂabijjf , &o., the law
of formation being well known (see Todhunter’s Algebra, Art.
€04) ; and the object of the ule in § 251 is to find the value of

the convergent %, and thence the value of the quantities ¢C, pC.
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The rule, however, is very vaguely and obscmrely expressed,
and it is difficult to understand its working. An explanation of
the rule by means of a particular exemple is given by Krishna
in his commentary on the Vija~ganita, from which we may deduce
the following general explanation. Letus first consider the case
where the nnmber of quotients exclusive of the last one is fwo,
viz., a, b, the additive being C. Then according to the rule we get
the series a, b, C,0. The rule next direcis us to multiply the
penultimate (C) by the number preceding it, viz,, b, and to add the
last term, viz., 0, to the product. We thus get bC+0or 5C,and
we havenow to replace the previous multiplier b by this quantity
3C, and teject the last term 0. We thus have the new series,
a, bC, €, with which we have to ropeat the above operation:
that is, we have to multiply the penultimate 5C, by q, and add the
lastterm C o the product; whence we get abC+ C, by which we
have to replace the multiplier @, and we have to xeject . The
series thus becomes ab C - C, b(, and this consisting only of two
torms, we infer according to the rule that gC=abC+C, and
pC=bC. But we know as a matter of fact thet in the case we
are considering, g==ab--1, and p==b; thus the rule holds good
in this case. We may now prove by induction that the rale
holds universally. For supposing the number of quotients
exclusive of the last one to be three, vz., @ b, ¢, all we have got
to do is to take the additional guotient ¢, so thet we have to

write b-i-IE for b in the above expressions for ¢C, pC; and we get

1
a( 'H'E) ¢+C - albeC 4+ C) + ¢C
(b-l-%)c beCd-C

gC=a (peC+ C)+¢C, and pC=boC+ C. Batif is easy to seo
from the very nature of these expressions that they are precisely
what we would get by means of the rule, if we take into consi-
deration the quotient . Thus we see that the rule is univer-
sally true. In the present example, a=1, b=T, ¢=2, and 7 is
the last quotient but one. Hence, g=ab+1=T+1, and ¢C=
TX35+5; p=b="T,and pC=Tx 3. Andin thiscase Ag~Bp

inthiscase—;};zﬁ , 50 that
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=1, o 2=40, y=35, is one solution. Hence putiing awtp,
$=385, and ¢ == —2, in the general expressions for x and y, we
get 2=40~1T%x2=6, y=35 ~15x2=5. These are ihe least
positive integral values. Putting t= ~1, we get =23, yw=90,
and so on. Or taking 2= 6, y= 5, as one solution, we may get
others from the expressions 6+17 ¢, 5415¢, by giving to s any
positive integral valwe. Thus putting f=1, we get z=23,
y =20 ; putting £=2, we get #=40, y==35: and so on. Thus
the reason for the process in § 253, as well as that for the mle
in § 262, is clear. The meaning of the term abraded as used by
the author is also clear.}

253, Example. Say quickly, mathematician, what
that multiplier is, by which two hundred and twenty-
one being multiplied, and sixty-five added to the pro-
duet, the sum divided by a hundred and ninety-five
becomes exhausted.

ment : dividend 221 . .
Sieteme divisor 195 Addit ve 65.
Here the dividend and divisor being mutually divided,
the last of the remainders (or divisors) is 18. By this
common measure, the dividend, divisor and additive,
being reduced to their least terms, are dividend 17,
divisor 15, additive 5. The reduced dividend and
divisor being divided reciprocally, and the quotients
put one under the cther, the additive under them,

and cipher at the bottom, the series' which resultsis 1.
7
5
0

Then multiplying by the penuit the number above
it and proceeding as directed, the two quantities are
obtained 40. These being abraded by the reduced

35

! Vulli, series.
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dividend and divisor 17 and 15, the quotient and multi-
plier are obtained 6 and 9. Or, by the subsequent
rule (§ 262), adding them to their abraders multiplied
by an assumed number, the quotient and multiplier
(putting 1) ave 23 and 20 ; or putting 2, they are 40
and 35; and so forth.

954, Rule. The multiplier is also found by the
method of the pulverizer, the additive quantity and
dividend, being either reduced by a common measure
(or used unreduced’). But if the additive and divisor
be so reduced, the multiplier found, being multiplied
by the common measure, is the true one,

[The reason for the rule will appear from the solution of the
example in § 255.]

255. Example. If thou be expert in the investi-
gation of such questions, tell me the preeise multiplier
by which a hundred being multiplied, with ninety
added to the product, or subtracted from it the sum
or the difference may be divisible by sixty-three with-
out a remainder.

Statement : di‘vi_dend 1(:0_ Additive 90.

divisor 63

The quotient and multiplier are found by proceed-
ing as before, 30 and 18.

Or, the dividend and additive being reduced by the
common measure ten, we get dividend 10, divisor 63,
additive 9. Placing the guotients of reciprocal division,
the additive quantity and cipher, one under the other,

! @an,
* An example of the subsequent rule in § 256,
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the series isg And the multiplier is found by the

3
9
0

former process 45, The quotient' (3) is here not to
be taken ; snd the number of quotients (of the series)
being odd, the multiplier 45 is to be subtracted from
its own abrader 63; the true multiplier is thus foung
18, The dividend being multiplied by that multiplier,
and the additive quantity being added, and the sum
divided by the divisor, the quotient is found 30,

Or, the divisor and additive quantity being reduced
hy the common measure nine, we get dividend 100,
divisor 7, additive 10. Here the quotients, the addi.
tive and cipher make the series lg. The multiplier

16
0
ig found 2, which multiplied by the common measure 9,
gives the true multiplier 18.

Or, the dividend and additive being reduced, and
further the divisor and additive, by common measures,
we get dividend 10, divisor 7, additive 1. Proceeding

as before the series is 1,
2
1
0

The wmultiplier hence deduced is 2, which taken into
the common measure 9, gives 18 ; and hence, by multi-
plication and division, the quotient comes out 30.

¥ [This probably mmeana the lest quobtent, There is, however, no forse in
the remsrk; the last guotient being always exeluded under the rule in
§8 250251 —Ep.]
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Or, adding the quotient and multiplier as found, to
(multiples of) their respective divisors, the quotient
and multiplier are 130 and 81 ; or 230 and 144 ; and
so forth.

[Putting 7= multiplier, and & == quotient, we get the equa-

Hon 63z~ 100y=90...... (1). If we convert %)3—0 into 2 con~

tinued fraction, the number of quotients will be found to be
Jarge, and so it will be tedious to form g To make the pro-

cass shorter, let us first consider the equation 63z —10y=9......
(2). Now if from (2) we find sets of positive integral values
of zand y, it is clear that those values of y and 10 times the
corresponding values of & will be sets of positive integral values
of # and y sstisfying (1), The general solution of (2) will be
found to be 2#={10-8)8+10¢, y=(83-19)8+63¢t. Puiting
fe —6, we get 2=38, y== 18, as the least values. Thus #=30,
=18, are the least values satisfying (1). In the texi, the least
valae of y is found from the expression 63 -(19x 9-+63(), by
patting ¢ = — 2, and the reason for this is stated to be the fact
that the namber of quotients (exclusive of the last one) is odd.
The explanation is that the number of quotients exclusive of

the last one being odd, 7 ic Jess than g (Todhunter's Algebra,

Axt. 603), and so Ag - Bp=~—1, and . the general solution is
g= (B-q)C+Bt, y=(A~p)C+A4t......(3). In the text, the
valuo of y is derived from the expression A «(pC-+Af)...(4).
Supposing . that the expressions in (3) and (4) give the same
values of y for certain values of ¢ and ¢/, the relation between
such values will be given by t+¢=1~C. Thus it is clear that
we can derive values of y from both these expressions, but not
from the expression pC- Af, when the number of quotients
exclusive of the last one is odd. This also explains the state-
ment in §252.

Similarly, if we find values of # and y from the equation
Ta = 100y = 10, these values of & and 9 times the corresponding
vagnoes of y will satisfy (1).
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Lastly, if we find values of « and y from the equation 7z~ 10y
=1, it is easy fo see that 10 times these values of @, and 9 times
the corresponding values of y will satisfy (1). Thus the reason
for the rule in § 254 is obvious. ]

256. Rule' : half a stanza. The multiplier and
quotient, as found for an additive quantity, being sub-
tracted from their respective abraders, answer for the
same as a subtractive quantity.

Here the quotient and multiplier as found for the
additive quantity ninety in the preceding example,
namely, 30 and 18, being subtracted from their re-
spective abraders, namely, 100 and 63, the remainders
are the quotient and multiplier which answer whea
ninety is subtractive : viz,, 70 and 43.

Or, these being added to arbitrary multiples of
their respective abraders, the quotient and multiplier
are 170 and 108, or 270 and 171, &e.

[Let Cbe the additive or subiractive quantity. Then the
corresponding equations will be Az—By= C......(1}.

Ax=By= = C......(2).

Lot ¢ =, y=§, be a solution of (1). Then Ae~B =C.

2 A(B-a)=B(A-p)==C.

& amBeq, y=A=B, is a solution of (2), whence the
reason for the rule is elear. It will be readily seen that the
general solution of (2} is e (B a)+Bt, y={A—B)+4t.]

957. Another example’. Tell me, mathematician,
flie multipliers severally, by which sixty being mul-
tiplied, and sixteen being added to the product, or
subtracted from it, the sum or difference may be
divisible by thirteen without a remaiuder.
¥ The rule serves when the additive quantity is negative.—Gan. and 3dr.

% This sdditional example is unnoticed by Ganess, but exponnded by the

zest of the commentators, and found in all copies of the text that have
been collated.

ity
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Statement : dividend 60 ..
divisor 13 * Additive 16.

The series found as before, is 4.
1

1

1

1

16

0

Hence the multiplier and quotient are dednced 2
and 8. But the number of quotients (of the series)
is here uneven ; wherefore the multiplier and quo-
tient must be subtracted from their abraders 13 and
60 ; and the multiplier and quotient, answering to
the additive guantity sixteen, are 11 and 52, These
being subtracted from the abraders, the wmultiplier
and quotient, corresponding to the subtractive quan-
tity sixteen, are 2 and 8.

258. Rule' : a stanza and a half. The intelligent
enleulator should take a like quotient (of both divi-
siong) in the abradingof the numbers for the mul.
tiplier and quotient (sought). But the multiplier and
quotient may be found as before, the additive quanti-
ty being (first) abraded by the divisor ; the quotient,
however, must have added to it the quotient obtained
in the abrading of the additive. But in the case of
a subtractive quantity, it is subtracted.

{The reason for the rule will appear from the solution of the
example which follows. ]

259. Example. What is the multiplier, by which
five being multiplied and tweaty-three added to the

! Applicable when the additive guantity exceeds the dividend and divisor.
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product, or subtracted from it, the sam or difference
may be divided by three without remainder ?

Statement : dividend 5 -
diVisor 3 . Addltlve 23-

Here the series is 1 and the pair of numbers found
I
23

0
as before ég . They are abraded by the dividend and

divisor, respectively. The lower number being abrad.
ed by 8, the quotient is 7 (and residue 2), The
upper number being abraded by 5, the quotient wonld
be 9 (and residue 1) ; nine, however, is not to be
taken ; but, under the rule for taking like quotients,
seven only, (and the residue consequently is 1I),
Thus the multiplier and quotient come out 2 and 11.

And by the former rale (§ 256) the multiplier and
quotient answering to the same as a negative quantity
are found, 1 and the negative quantity-—6. Added
to arbitrary multiples of their abraders, double for
example, so that the quotient may be positive, the
multiplier and quotient are 7 and 4. So in every
(similar) case.

Or, statement for the second (part of the) rule :

“‘g;fgzﬁ 5. Additive abraded' 2,

The multiplier and quotient hence found as before
are 2 and 4. These subtracted from their respective
divisors, give 1 and 1, as answering to the subtractive
quantity, Tlhe quotient obfained in the abrading of
the additive, (viz. 7) being added in one instance and

! 28, abraded by the divisor 3, gives the quotient 7 and residue 2,
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subtracted in the other, the results are 2 and 11 an-
swering to the additive quantity, and 1 and — 6 angwer-
ing to the subtractive: or, to obtain a posifive quo-
tient, add to the latter twice their divisors, and the

result is 7 and 4.

[Putting y =multiplier, and & = quotient, we get the equations
3g— Sy = 23...(1). Taking the upper sign, the general soln~
tion will be found fo be 2=2x23+5t, y=1x234-3:. The
least positive integral values are got by putting =7, viz,
z=11, y=2. The meaning of the first part of the rule in
§258 is that the same negative value is to be given fo ¢ in the
expressions for @ and y. To explain the second part of the rule,

5y;~2 mapEi=X

we observe that equation (1) may be writlen

suppose. We may then solve 3X— By=2......(2), the values
of y being the same in (1) and (2), and the valnes of & being
deducible from those of X, from the relation o= X+7.]

960. Rule': one stanza. If there be no additive
quantity, or if the additive be measured by the divisor,
the multiplier may be considered as cipher, and the quo-
tient s the additive divided by the divisor.”

[The rule is clear enough. ]

961. Example. Tell me promptly, mathematician,
the multiplier by which five being multiplied and add-
ed to cipher, or added to sixty-five, the division by
thirteen shall in both cases be without remainder.

Statement : dividend 5 .
diViSOI‘ 13 - Addltive 0-

There being no additive, the multiplier and quotient
are 0 and 0 ; or 18 and 5 ; or 26 and 10 ; and so forth.

t Applicable if there be no additive, or if it be givisible by the diviser

without remainder.
274 is 50 in the Jatter cnse; but in the former (where the additive is nuil),

the guotient is cipher,— 81,
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Statement : dividend 5 -
divisor 13 ° Additive 85,

By the rule (§ 260), the multiplier and quotient come
out 0 and 5; or 13 and 10; or 26 and 15; and so
forth.

[Puiting y= multiplier, and @ =quotient, we get in the first

case the equa{;ions)yg =2 ; and in the second case, the equation

S5y 465
13

=g. The general solution in positive integers of the

first equation will be readily found to be 2= 357, y=13r;and
that of the second, w=5 (1+4r), y=13r, where » may be zero
or any positive integer.]

Rule! Or, the dividend and additive being abraded
by the divisor, the multiplier may thence be found as
before ; and the quotient from it, by multiplying the
dividend, adding the additive, and dividing by the
divisor.

In the former example (§ 253), the reduced dividend,
divisor and additive respectively are, 17, 15, 5. Abrad-
ed by the divisor (15) the additive and dividend be-
come 5 and 2 ; and the statement is 1

dividend 2 ..
divisor 15 ° Additive 5.

Proceeding as before the two terms found are 3, 85.
The second one, abraded by the divisor (15), gives the
multiplier 5; whence, by multiplying with it the divi-
dend (17) and adding (the additive}, and dividing (by
the divisor), the quotient comes out 6.

[The reason for the above rule is clear. Let the equation
be A~ By=C, and suppose B greater than 4, and C less than

! This is found in one copy of the text, and is exponnded caly by Gangh-
dhurs, being unnoticed by the other commentators. It cocurs, however, in
the similar chiapter of the Pije-ganite, §62.
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‘A. Divide B by 4; let K denote the quotient, and B’ the re-

meinder, Thus B= KA 4B, and gw K—-}-%. Convert—g

and-B-'— into continued fractions, and let Zand j;ﬂ be the conver-
gents immediately preceding 1}? and =T Thenﬁ =K +9,

M Thus p=p', and dg— Bp = A(Kp' +¢)— (KA_.,{.,BI)P

= &g’-' By, Hence it is evident that the values of y found
from Az~ B'y= C, will be the same as those found from Az~ By

=C; and y being known, z is of course known from the
By+C

equation # = m—‘yI-—. Tt must be remarked here that the above

rule applies only when the additive C is less than the divisor A,
so that the additive abraded by the divisor remains unchanged.]

262. Rule for finding divers multipliers and quo-
tients in every case : half a stanza. The maultiplier and
quotient, being added to their respective (abrading)
divisors multiplied by assumed numbers, become mani-
fold.

The influence and operation of this rule have heen
already shown in various instances.

[See note to § 252.]

263. Rule for a constant pulverizer' : one stanza.
Unity being taken for the additive quantity, or for the
subtractive, the multiplier and quotient, which may be
thence deduced, being severslly multiplied by an arbi-
trary additive or subtractive, and abraded by the re-
spective divisors, will be the multiplier and quotient for
such assumed quantity.

In the first example (§253), the reduced dividend
and divisor with additive unity furnish this state-

* Sthira-Ruttaka, steady pulverizer.



( 160 )

ment : dividend 17 b
divisor 15 ' Additive I.

Here the multiplier-and quotient (found in the ususl
manner) are 7 and 8. These multiplied by an assumed
additive five, and abraded by the respective divisors 15
and 17, give the multiplier and quotient 5 and 6, for
that additive.

Next, unity being the subtractive quantity, the mul-
tiplier and quotient thence deduced are 8 and 9. These
multiplied by five and abraded by the respective divi-
sors, give 10 and 11, |

So in every (similar) case.

Of this method of investigation great use is made in
the computation of planets. On that account some-
thing is here said (by way of instance.)

[The above rule is not a new one. The equation is supposed
to be Az—By= x1...(1), and from what we have already seen,
the general solution of this is #= g4 BY, or= (B~g)+Bt, and
y=p+ At or=(4- p)+4t. If now the additive or subtrac-
tive be any integer whatever, &. ¢, if the equation be Az~ By=
4+ C...(2), we have only fo mulliply g or B=g, andpor A~p
by Cin the above expressions for @ and y, in order fo get the
general solution of equation (2). We may thus regard the
general value of y found from (1) as a sfeady guantity from
which we may derive the gemeral value of y safisfying (2).
This shows the propriety of the expression constant pulverizer.)

964, A stanza and a half Let the remainder of
seconds be made the subtractive quantity,’ sixty the
dividend, and terrestrial days* the divisor. The quo-

t The present raule is for finding a planet’s place and the clapsed time,
whea the fraction above sesonds is alone given,—Gan.

2 The number of terrestrial days in & Zalps is stated ab 1577015450000,
See the Funitddigdya of ihe Siddhdni-siromani, I, 20--21. [By a ferros
trialday is mennt the mean solar duy, when itis taken for the purpuse of
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tient deduced therefrom will be the seconds ; and the
multipier will be the remainder of minutes. From
this again the minutes and remainder of degrees are
found ; and so on upwards. In like manmer, from the
remainder of “exceeding months and defleient days,*
may be found the solar and lunar days.

The finding of (the place of) the planet and the
elapsed days, from the remainder of seconds in the plan-
et’s place, is thus shown. Sixty is there made the
dividend ; terrestrial days, the divisor ; and the remain-
der of seconds, the subtractive quantity : with which
the multiplier and quotient are to be found. The quo-
tient will be seconds ; and the multiplier, the remain-
der of minutes. From this remainder of minutes taken
(as the subtractive quantity), the quotient deduced will
be minutes ; and the multiplier, the remainder of degrees.
The residue of degrees is next the subtractive quantity;
terrestrial days, the divisor ; and thirty, the dividend :
the quotient will be degrees; and the multiplier, the
remainder of signs. Then twelve is made the dividend;
terrestrial days, the divisor ; and the remainder of signs
the subtractive quantity : the quotient will be signs ;
and the multiplier, the remainder of revolutions. Last-
ly, the revolutions in a kalpa become the dividend ;
terrestrial days, the divisor ; and the remainder of re-

nstronomica! messurement; bat for praciieal purposes, in is taken aa the
time from sunrise to sanriss, which would make its duration varinble. See
Golddhydya, Wilkinson’s translation, 11, 8, Bipd Deva 38atrf’s note : Sirya-
siddhdnte, Burgess's translation, §, 84—40, note.—Bn.]

Y Adhi-mdss, additive months; dvamading, subtrackive days. Bee
Ganitddhydya, I, 42, [See slse Golddhydys, IV, 10—16, note: Sirya-
siddhdnta, 1, 4750, note.~ED.] The adhimdsas in 2 kalpa are 1593300000
[ = 1602899000000 + 304320000000 x 12], being the excess of the lunar over
the solar months, The avamar in s kalpa are 25082650000, being the cxcess

of the Innar days over the terrestrial days.
BM 4
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volutions, the subtractive quantity : the quotient wil]
be the elapsed revolutions; and the multiplier, the
number of elapsed days.' Examples of this oceur (in
the Siremani) in the chapter of the problems® (7hi.
prasnddhydya). .

In like manner, the exceeding months in a kalpa are
made the dividend ; solar days,’ the divisor ; and the
remainder of exceeding months, the subtractive quan.
tity + the quotient will be the elapsed additional months;
and the multiplier, the elapsed solar days. So the defi.
cient days in a kalpa are made the dividend ; Tunar
days,* the divisor ; and the remainder of 6.eﬁczent days,
the subtractive quantity : the quotient will be the
elapsed fewer days; and the multiplier the elapsed
lunar days.

[The reason for the rule for finding a planet’s place and the
elapsed time will be best understood from the illustration given
by Gangsa and Gangddhara in arbitrary numbers. Pub the
terresirial days in a kalpa 18, the revolutions of the planet in
the kalpa 10, the elapsed days 12, Then we evidently get the
proportion, 19 : 12 :: 10 ; number of revolutions already per-
formed by the planet, whence the revolutions = 61‘% TFhus the

planet has performed 6 complete revolutions, and 4% of a reve-
lution, so that to find the planet’s place, we must rednce the

* The elapsed days of the kalpa to tha time for which the planet’s place is
fonnd. Bee Ganirddhydyd, I, 47—40.

% {Bee also Golddhydya, Chap, XII1.—Bbp.}

¢ The solar days in & Aalpe are 1555200000000 [=4320000000x 3607, Bes
Ganitddhydya, I, 40

{The nomber of solar years {n & kelps Is 4320000000, Ses Sdrya-sids
dhdntm, I, 19, note,~—En.}

{ The lunar days, reckoning thirty bo the month or synodical revelntion,
nrs 1602999000000 in the Aalpa. Bee Qanitddiyiya, X, 40. [See alio Gold-
dhydya, T, 8, note. The tervestrial days in a kalpa are 1577816460000,
Bee bid., 11, §, note, These two numbers as given in the Shya-riddhdzie
(1, 37} are alightly different.~EDp.]
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fraction % to signs (#dsis), degrees, minutes and seconds. Now
as there are 12signs in one revolution, 30 degrees in one sign,
60 minutes in one degree, and 60 seconds in one minute; we get
o of a revolution = 3 signs, 23°, 41'.3"%, and this result
indicates the planet’s place. Now suppose the remainder of
seconds after division by 19, ., 8, is alone given, and we have
to find the plamet's place byan inverse provess. Let y denote
the remainder of minates, and & the infegral number of seconds,

Then it is clear from the process which we adopted in redncing
the frackion v thatw = g the genersl selution of
which is given (§256) by 2= 60 - (57460¢), y =19 — (18 +-182).
The only positive integral solution is got by putting ¢ = 0 ; then
2 =3, y=1. The quotient z is the number of seconds, viz, 3;
and the multiplier y is the remainder of minutes, viz.,, 1. It is
easy to see that there can be only one positive integral solution
satisfying the conditions of the problem. For # must obviowsly
be less than 60, and y less than 19 ; so that 57 - 60t must be
positive and less than 60, and 18 + 19¢ must be positive and less
than 19. Hence there can be only one valve of ¢ satisfying
these conditions, and consequently only one positive integral
golation satisfying the problem. Making the necessary changes
in the coefficient of y and in the subtractive quantity, and
repeating the above process, we clearly obtain the number of
minates, degrees and signs indicating the planet’s place, and
the elapsed days. Thus the reason for the rule is clear.
Similarly, to find the number of solar days which have elapsed
from the beginning of & kalpa up to any given epoch, suppose
8, y, denote respectively the saurg days in the kalps and
the saura days elapsed, and 4, a, the corresponding additive
months. Now since one additive month occurs in every 32%
solar months ( Golddhydya, 1V, 9,10), we evidently get the
. ) Ay b
proportion, §: A:ly: a, whence a=-g =& + 5 sUPPose,

# being an integer, and —g, a proper fraction. Consequently,

Ays— L. #, and & positive integral solution of this equation
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will give the solar days and the integral number of additive
months that have elapsed. Since by supposition, y is less than
S, and z less than 4, we can show as sbove that there can he
only one positive integral golution, satisfying the conditions of
the problem.

The case of finding the elapsed lunar days from the given
remainder of deficient days or avamas, is precisely similar to
the above, it being observed that an avama occurs in 644 lunar
days (Golddhydya, IV, 12).

In & period of 824 solar months there are 33} lunar months
very nearly ; this excess of the number of lunar months, viz,
one lunar month is ealled an adhimdsa or additive month, be.
canse & proportionate multiple of it is to be added to the solar
months in any given period in order to convert them into lunar
months, Again, in a period of 644y lunar days there are 63,
terrestrial or mean solar days very nearly ; this difference be-
tween the two numbers, viz., one mean solar day, is called an
avama or subtractive day, because & proportionate multiple of it
is to be subtracted from the lunar days in any given period in
order to convert them into mean solar days.}

965. Rule for a conjunct pulverizer.' If the divisor
be the same and the multipliers varions, then, making
the sum of those multipliers the dividend, and the sum
of the remainders a single remainder, and applying the
foregoing method of investigation, the precise multi-
plier so fonnd is denominated & conjunct one.

[The reason for the rule will appear from the solution of the
example which follows,]

266. Example. What quantity is it, which mul-
tiplied by five, and divided by sixty-three, gives a
residue of seven; and the same multiplied by ten

V Spnglishta-huttaka ot sanslishiaspluta-buttaks, & distinet pulverizing
multiplier belonging to conjunet residnes,—Gan. A multiplier deduced
from the sum of multipliers and that of remsinders.—3¢r.
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and divided by sixty-three, a remainder of fourteen ?
Declare the number.*

Here the sum of the multipliers is made the dividend,
and the sum of the residues, a subtractive quantity ;
and the statement i as follows :—

dfw.dend 15 ' Subtractive 21. Or reduced to
divisor 63
least terms :—
dividend &
divisor 21°

Proceeding as before,” the multiplier is found 14.

[In this example we have two simultaneous equations in-
volving three unknown quantities. Let y=quantity required.
Then we have evidently, 5y=63m+7, 10y=63n+14, where
mand n are certain positive integers. Putm -+ nw=u; thus,
632 — 15y = — 21, whence y can be found by §236, and the reason
for the rule in §263 is obvious.]

Subtractive 7.

! f8ee Folddhydya, X111, 18— 15.~Ep.]

*The guotiont as it comss out in this operstion is nok to be taken : bubib
is to be separately sought with the severnl original multipiiers spplied to
this guantity and divided by the divisor as given,—&an.



CHAPTER XIIL
COMBINATION OF DIGITS!

267, Rule? The product of multiplication of the
arithmetical series beginning and increasing by unity
and continued to the number of places, will be the
variations of number with specific figures : that divi-
ded by the number of digits and multiplied by the sum
of the digits, being repeated in the places of figures and
added together, will be the sum of the permutations.

[Let there be n digits. Then evidently there are |n numbers
which can be formed with all these digits. Consider any one
of these digits, and denote it by d. In [n—1 cases, ¢ is in the
units’ place, in as many cases d is in the tens’ place, in as meny
cases d is in the hundreds’ place, and soon. Thus the sum aris-
ing from the d alone is il‘“.";}:{d +10d4100d + .. .. 10"*%1}_
Proceeding similarly with the other digits, we get the sum of
al]l the numbers = Laq;:} X sam of digits x (10714... 4104 1)
i—% x sum of digits X {10%! 4 ... 4 10+ 1), which stated
in words leads to the rule. The meaning of the phrase, being

repeated in the places of figures and added together, is obvious,
Bee foot-note to §13.]

k]

Y dnka-plea-vyarahdra, concatenation of digits : » mutual mixing of the
numbezs, as {6 were & rops of numerals, their variations peing likenedto &
coil. See Gan. and 8ir,

*Tofind the number of the permutations and the sum or amonnt of them,
with apecific sumbers,~Gan, and Bir,



( 167 )

268, Exzample. How many variations of number
can there be with two and eight, or with three, nine and
eight, or with the continned series from two to nine ?
Tell promptly the several sums of these numbers.

Statement® of the first example: 2, 8. Here the
number of places is 2. The product of the series from
1 to the number of places and increasing by unity, will
be 2. Thus the permutations of number are found 2,
That product 2, multiplied by the sum of the figures
10,is 20 ; and divided by the number of digits 2, is 10.
This repeated in the places of figures (*¢,) and added
together, is 110, the sum of the numbers.

Statement of the second example: 3, 9, 8.

The arithmetical series is 1, 2, 3, of which the pro-
duct is 6 ; and so many are the variations of number,
That multiplied by the sam 20, is 120 ; which divided
by the number of digits 3, gives 40 ; and this, repeated
in the three places of figures and summed, makes 4440,
the sum of the numbers.

Statement of the third example: 2,3,4,5,6,7,8, 0.
The arithmetical series beginning and increasing by unity
is1,2,3,4,35 6,7, 8. The product gives the permu-
tation of numbers, 40320. This, multiplied by the sum
of the figures 44, is 1774080, which divided by the
number of terms 8, is 221760 ; and the quotient being
repeated in the eight places of figures and summned, the
total is the sum of the numbers, 2463999975360.

269. Example. How many are the variations of
form of the god Sambhu by the exchange of his ten
attributes held reciprocally in his several hands, namely,
the rope, the elephant’s hook, the serpent, the tabor,
the skull, the trident, the bedstead, the dagger, the
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arrow, and the bow® as those of Hari by the exchan
of the mace, the discus, the lotus and the conch?
Statement : number of places 10,
In the same mode, as above shown, the variations of

form are found 8628800, So the variations of form of
Hari are 24.

270. Rule’ The permutations found as before, he.
ing divided by the permutations separately computed
for as many places as are filled by like digits, will be
the variations of number, from which the sum of the
numbers will be found as before.

[Let there be n digits ; and suppose p of them to be d,, ¢ of
them to be d,, and the rest unlike, namely, d,, d,, &e. Then

Z (See Tod-
el
hanter’s Algebra, Ari. 497.) The number of cases in which d,

the varistions of nmumber will clearly be=

is in the units’ or tens’ or hundreds’ &e. place 15 i o1 i? (Tod-
hunter’s Algebra, Art. 497}; and hence the sum amsmg from d,

Y Sambhu or Siva I8 represented with ten arms, and holding in histen
hands the ten weapons or symbolas here specified ; and, by changing the
sgveral aftributes from one hand o another, & variation may be effected in
the represeatation of the idol, in the same manner as the image of Hari or
Vishnu in varied by the exchange of his foar symbols in his four hands.
The twenty-four different representations of Vishnre, arising from thiy
diversity it the manner of placing the weapons or attributes in his fonr
hands, are distinguished by as many diseriminative titlea of the god allotted
to those figures in the theogonies or Purdnas. It does not appear that dis-
tinet titles have been in like manner assigned to any of the more than thres
millions of varied representations of Siva.

The ten attributes of Jiva are :-lst, pdea, o rope or chain for binding an
elephant ; 2od, entuse, & hook for guiding an elephant ; 3rd, aki, a serpent;
4th, domarw, a tabor; Bth, kepdis, a human skull j 6th, tristle, a trident;
Tth, khatwdngs, a bedstead, or a olub in the form of the foot of one; [it
maoy alse mean & club having a sknll at the top.—Ep.] 8th, sakii, a dagger;
9th, sara, an arrew ; 10th, chdpa, a bow,

* Bpeeial ; being applicable when two or more of the digits are alike.
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alone is === L_.E‘ l'l {1om1dh...... +104-1)d,. Similarly the sum
arising from d, is !—]—*I—‘—‘———l (10n-1ue ..., + 104 1)d,, and that
arising from d} d‘, &c is

"; U0 b 1041 (G 4, )
Hence the sum of all the numbers is
E——E(m»—l-{- ...... +10+1){g ﬂi T+ p& d "‘I;'g&c'}

|
==—§— (pd,+ gy +dy +d, + &) (107 4.+ 104 1)

]f T Xsum of digits x (102 +..,4-10+1), whence the
rule.]

271. Example. How many are the numbers with
two, two, one and one? And tell me quickly, mathe-
matician, their sum : also with four, eight, five, five and
five, if thou be conversant with the rule of permuta-
tion of numbers.

Statement of the 1st example: 2, 2, 1, 1. Here the
permutations found as before (§267) are 24. First,
two places are filled by like digits (2, 2), and the per-
mutations for that number of places are 2, Next two
other places are filled by like digits (1, 1), and the per-
mutations for these places are also 2. Total 4. The
permutations 24 divided by 4 give 6 for the variations
of number : viz,,! 2211, 2121, 2112, 1212, 1221, 1122.
The sum?® of the numbers is found as before 9999,

¥'the enameration of the possible combinations is termed prastdra.

*The varistions 6, multiplied by the sum of the figures §, and divided by
the number of digits 4, give 9; which being repeated in four places of
fignres and summed, makes §999.

22
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Statement of the 2nd example: 4, 8, 5,5, 5, Here
the permntations found as before are 120, which, divided
by the permutations for three places, viz., 6, give the
variations 20 viz., 48555, B4555, 54855, 58435, 55485,
55845, 55548, 55584, 45855, 45585, 45558, 85455,
85545, 85554, 54585, 58545, 55458, 55854, 4338,
58554, The sum® of the numbers comes out 1199988,

279. Rule’: half a stanza. The series of the num.
bers decreasing by unity from the last’ to the number
of places, being multiplied together, will be the varia.
tions of number, with dissimilar digits.

[This rule gives the ordinary formula for the number of
permutations of » things taken r at o time, viz, n (n~1) (n~2)

973. Example. How many are the varistions of
number with any digits except cipher exchanged in six
places of figures ? If thou know, declare them,

The last number is nine. Decreasing by unity, for
as many as are the places of figures, the statement of
the series 18 9. 8. 7. 6. 5. 4. The product of these
is 60480.

974. Rule*: two stanzas. If the sum of the digits
be determinate, the arithmetical series of numbers from
one less than the sum of the digits, decreasing by
unity, and continued to one less than the places, being
divided by one and so forth, and the quotients being

* The variakions 20., multiplied by the sum of the figures 27, give 540,
which, divided by the apmber of digita 5, makes 108 : and this being repest-
edin five places of fgures and summed, yields 1195988,

7o find the variationg for & definite number of places with indeterminate
digite.—Gan.

* That {e, from nine {in the example which follews.]—Gan,

¢To find the permutations with indeterminnbe Gigits for a definife som
and & Bpecific cumber of places.~Gan,
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multiplied together, the product will be equal to the
variations of number. This rule must be understood
to hold good, provided the sum of the digits be less
than the number of places added to nine.

A compendium only has been here delivered for fear
of prolixity, since the ocean of calcalation has no
bounds.

[Let s=the sum of the digits,
n = the namber of digits,
and let s=n-4m.
Then by supposition, n+m < n+9, or m<9, or m+4-1not
79, so that even if n -1 of the n digits be 1'%, the remainder of
the sum, m--1 being not 7 9, can form the remaining digit.

Now let the n L's composing » be denoted by 1%, 11, 1»-%
......... 1%, and the m 1’s composing =, by 1, 1, I,...1.
Then, if we fix 1*in the first place on the. leff, and twke the
different permutations of the remaining # - 1-4-m symbols 1%,
) Lo SO Pand I, 1,, 1,...... 1, of which the n—1 indexed I’s
are considered fo be alike and of one sort, and the other m 's
are considered to be alike and of another sort, and place each of
these permutations to the right of 1%, and regard the sum of
each indexed 1 with the group of I's with soffixes, if any,
following it on its right as forming a digit of one of the re-
guired numbers,

we shall have a series of numbers like the following m
(1* L, 1) (12 1,1, 1) oo (170 o ) (17 1) (1),
(11, 1, L, 1) (=Y (1P, . L ) el e (%) (an,

------------------------------------------------------

This series will evidenily contain all the required numbers
and those alone ; and the number of these numbers being the
number required, the problem is reduced to finding the numoer
of permutations of n-+m—-1 things taken all together, of which
n—1 are alike and of one sort, and m are alike and of another
sort.
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-1
And this numberw:i-————mi———-—”l—.@
(nd-m~1) (ntm—1—=1)... ndm—~1=nw=l) (m=1)..1

[aolim
(n+4m=1) (n-i-m--ﬂ)!. s (ndm—1—n3)
= P §

“(snl) (6=2)....(s—n—1)
1

which proves the rule.]

275, Example. How many various numbers are
there, with digits standing in five places, the sam of
which is thirteen ? If thou know, declare them.

Here the sum of the digits less one is 12. The de-
creasing series from this to one less than the number of
digits, divided by unity, &ec. being exhibited, the state-
ment is, 13, 32, 20 2. The product of their multipli-
cation (13,8890} i3 equal to the variations of the number’,
495.

276, Though neither multiplier nor divisor be
asked, nor square, nor cube, satill presumptuous inexpers
scholars in arithmetic will assuredly fail in (problems
on) this combination of numbers.

277, Joy sud happiness is indeed ever increasing in
this world for those who have Lildvafi clasped to their
throats®, decorated as the members are with neat reduc.

! 91111, 563222, 18333, emch five wuys: B5111, 22333, each ten ways;
82111, 73111, 64111, 48923, 61222, each twenby ways; 72211, 5331,
44221, 44311, each thirty ways ; 63211, 54311, 53321, 43821, each sixty ways.
Thua the total is 405,

? By constanh repetition of the text. ‘Ihir stanzn, ambignously expressed
aad bearing a double import, implies a simila : as & charming woman closely
ewhraced, whose person is embellished by an assemblage of elegant qualities,

;;o {i: pure and perfect in her conduct, and who atters agreenble discontse,
an,
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tion of fractions, multiplication and involution, pure and
perfect as are the solutions, and tasteful as is the speech
which is exemplified,

[Io Pandit Jivinands Vidyisigara’s edition of the original,
there is a stanza after the above, showing the varied scholarship
of Bhiskara, and stating that the present work was composed
by him. It was probably added by some pupil of Bhéskara,
and so it has been omitted by Colebrooke. Itruns as follows i—
“'The author of this (Lildvat{) is that illastrions Bhéskara, (a
scholar) of vast eradition, who thorenghly mastered eight works
on grammar, (viz., those of Indra, Chandra, Kasskriteni, Apisali,
Sakatdyana, Pénini, Amara, and Jainendra)! six works on medi-
eal science, (viz.,, Agnivesa-sanhitd, Bheda-sankitd, Jditdkarna-
sanhitd, Pardsara-sanhitd, Sirapdni-sanhitd, and Hdrita-sankhitd),?
the six philosophical aystems {viz, Sdnkhya, Yoga, Nydys, Vas-
seshika, Mimdnsd and Veddnta), five works on gandta (calcula-
tion), (wiz, Poulisa-siddhinia, Romaka-siddhdnie, Bdsishtho-
siddhénta, Strya~siddhdnta and Paitdmaha-siddhdnia),® and
the four Vedas (véz., the Rik, the Yajush, the Siman and the
Atharoan) ; and who understood the three Ratnas, (.., the
three Prasthdnasof the Veddnta, viz., the Sutras, the Upanishads
and the Prakargnas), as well as the two Mimdnsds,t and the
one eternal Brakman, the aim and scope of both.”]

[! See Bibliotheca Indies, Nirakta, Vol. 1V, Appendix, page jaw. Some of
thesa suthors composed dictionsries and not works on grammar. Thus the
word vydkarandni in the original has been rather loomsely ussd.—Ep.]

{* These eiz ancient warks form the basis of the later works of Charaka,
Susruts and Bigbbata. The works of Charaka and Busrata are wusually
called sankités ; that of Bégbhats is known voder the name of dshidaga-
hridaye.—ED.}

[* 8ee Variha-mihire's Vrihat-sankitd, Ch. I1.—ED.}

{* Namely, the Pérva-mimdnasd of Juimini, usnally called the Mimdasd,
snd the Uttara-mimdnsd of Vyasa, usuaily called the Veddinta.—ED.}



